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Abstract: We study the stability and efficiency of fidelity networks. These are networks that form
in a mating economy of agents of two types (say men and women), where each agent desires direct links
with opposite type agents, while having multiple partners is viewed as infidelity. Infidelity is punished
more severely for women than for men. We obtain a full characterization of equilibrium networks, which is
sensitive to market size. Women, but not men, obtain their optimal number of partners, except possibly
in a few networks. Stability conflicts with strong efficiency, but agrees with Pareto-efficiency in most cases.
Equilibrium networks are female-optimal, but male-suboptimal in general.

We also introduce a simple approach to studying the diffusion of information in a network. We subse-
quently use it to fully identify female-information-biased economies, which are economies in which women
concentrate more information than men in any equilibrium network. We show that female-information-biased
economies are segmented such that each segment size does not exceed a certain threshold whenever female
discrimination is not sufficiently severe. Finally, we extend the fidelity model to economies of female-to-male
subjugation and economies of class societies, with the latter class yielding a unique equilibrium network. We
show that both classes of economies are female-information-biased. Our theoretical findings apply to several
two-sided markets in the real life. In particular, they shed new light on the role of female discrimination,
market segmentation, and economic inequality in gender difference in HIV/AIDS prevalence.
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1 Introduction

We study network formation in a mating economy of agents of two types (say men and women). Each
man enjoys having direct relationships with women and vice versa. However, having multiple partners
is considered as infidelity or disloyalty, something that is punished if detected by the cheated partner.
Infidelity after detection is punished more severely for women than for men. This assumption of anti-female
discrimination results in each woman desiring fewer partners than each man. We shall call fidelity networks
those networks that arise from this environment.

Our goal in this paper is threefold. First, we study the static stability of fidelity networks, which makes
it possible to describe their structure.? Second, we analyze their efficiency, and examine the relationship
between stability and efficiency.? Third, we introduce a novel and simple approach to analyzing the diffusion
of information in a network, which we subsequently use to identify female-information-biased economies,
which are economies in which women concentrate more information than men in any equilibrium network.

We extend the fidelity model to two natural classes of mating economies. The first is the class of
economies of female-to-male subjugation. These are economies in which within each male-female relationship,
the woman is subjugated to the man in the sense that she is always available to him when he needs her.
As we will see later, this constraint of female-to-male subjugation on network formation turns out to be
a generalization of the principle that underlies the formation of monogamous and polygynous networks.
The second is the class of economies of class societies, wherein each agent has a distinct social rank, and
higher ranked agents are more desired as partners. We characterize equilibrium networks and study gender
difference in information concentration. For the latter class, we also examine the connection between social
rank and the likelihood of concentrating information.

A practical interest of the fidelity model stems from the fact that fidelity or loyalty is a foundational
principle in most types of mutually beneficial social and economic relationships. It lies at the heart of
the relationship between a wife and her husband, a soldier and his army, a citizen and his country, or a
worker and his employer. But despite its appeal, the promise of fidelity may be broken. For instance,
a married man might enjoy having a mistress, just as an employee of a firm might leak vital information
(regarding R&D programs or marketing strategies) to a competing firm for personal gains. Even an exclusive

contract may be violated. This would occur for instance when a military industry secretly supplies identical

2We extend the analysis to a dynamic setting in Pongou and Serrano (2009), fully characterizing networks that arise and
persist in the very long run. The static and the dynamic approaches turn out to be complementary in theory and in applications.
3We consider efficiency for the overall market, and optimality for each side of the market.



military equipment to two rival countries, or when a scholar submits the same paper to different journals
simultaneously to maximize the chance of it being accepted somewhere. While we assume that such acts of
disloyalty are punished, sanctions follow only when the cheated party becomes aware of them. Thus, the
cheater has an incentive to engage in them, especially when detection is unlikely. In such an environment
where agents derive satisfaction from forming links with opposite type agents while having several partners
is viewed as infidelity to each of them, the analysis of the fidelity model reveals the structure of networks
that are likely to arise. An interesting feature of these networks is that a priori, an agent does not know
his/her partners’ other partners, and therefore derives no utility from these indirect links.* These networks
are also bipartite graphs, with a very specific distribution of links.”

Because the sphere of intimate relationships is one in which fidelity is most often invoked, we apply our
theoretical findings to shed new light on the possible configurations of sexual networks and on the mechanisms
of HIV/AIDS transmission. The identification of female-information-biased economies corresponds to a
complete characterization of sexual markets in which HIV/AIDS is always more prevalent among women than
men.% Our findings also highlight the distinct role of sexual market segmentation and economic inequality
in gender differences in HIV/AIDS prevalence. Further, we examine the connection between social rank
and the likelihood of concentrating information, which applied to HIV/AIDS provides the first theoretical

foundation to some empirical studies on this topic (Mishra et al. (2007), Fortson (2008)).

1.1 Fidelity: Relevance and Reality

Fidelity is at the foundation of most types of social and economic relationships. In most traditions, couples

exchange vows of love and fidelity to each other during wedding celebration. Citizens pledge allegiance to

their country.” Soldiers bear faith and allegiance to the constitution of their country and their army. Most
work contracts stipulate a prima facie duty of loyalty of employees to their employers, and the protection of
the former by the latter. Finally, even when it is not written explicitly, there is an understanding of fidelity

and loyalty between parties in most types of relationships.

4The extension of our analysis to the case in which an agent’s well-being may be affected by indirect links is important, but
beyond the scope of this paper.

5The use of bipartite graphs in the literature has helped to address a variety of matching problems, and has significantly
advanced our understanding of the structure of relationships in many two-sided markets. These markets include for instance the
marriage market, the hospital-intern market, the college admissions market, the buyer-seller market, and the employee-employer
market (see, e.g., Hall (1935), Gale and Shapley (1962), Roth and Sotomayor (1989), Echnique and Oviedo (2006), Kojima and
Pathak (2008), Sotomayor (2003), Kranton and Minehart (2001)).

Note that our findings may also apply to non-fidelity networks, such as those between buyers and sellers, doctoral students
and their advisors, or faculty and their departments. In each of these cases, the optimal number of partners for each agent on
a given side of the market is usually lower than that for each agent on the opposite side.

6As it turns out, this finding is likely to inform the current debate on the role of female discrimination in the higher
vulnerability of women to the AIDS epidemic in several societies. In this regard, our analysis yields testable predictions.

"One example is the pledge of allegiance to the flag of the United States of America.



Fidelity is also a prime requisite of the good functioning of most relationships. For instance, It is
essential in sustaining a marriage relationship. Also, citizens of some countries are not allowed to have a dual
citizenship.® In general, in a competitive economic and political environment, employees or members’ loyalty
is needed in securing confidential information in such various organizations as firms, governments, intelligence
services, military, political parties, research labs, pharmaceutical industries, or financial institutions. In all
these cases, improper leaks of key information (regarding technology, R&D programs, marketing strategy,
military strategy or tactics, political secrets, and so on) to competitors or to the media by disloyal employees
or members are generally harmful.”

The promise of fidelity is however often violated in real life. In numerous instances, the media obtains key
information on an organization’s program from some of its members speaking on “condition of anonymity”.
In the sphere of intimate relationships, Psychiatrist Frank Pittman argues that 90% of first time divorces in
the United States find their root in the infidelity of one or both partners (Pitman (1990, 1999)). A study
of a large sample of DNA tests in Australia revealed that 10-15% of children were conceived as a result of
an affair (ALRC (2003)), and in the United States, the father was not the true biological parent in 30%
of paternity tests conducted by the American Association of Blood Banks (AABB (2003)). Globally, 33
million people are infected with the AIDS virus, and infidelity in sexual relationships is the main driver of
this epidemic (UNAIDS (2008)).

Despite playing an essential role in the determination of important social, epidemiological and economic
outcomes, the notion of fidelity and how it affects the formation of partnerships among self-interested agents
who otherwise have a prima facie duty of loyalty to each other have not been studied in the economic

literature.!” The goal of the current study is to begin to fill this gap.

1.2 Overview of the Fidelity Model and Theoretical Results

Our economic environment consists of a finite population of two equal-size exogenously determined sets
of individuals, say men and women. Each individual derives utility from the number of direct links with
opposite sex agents, while engaging in multiple links is considered an act of infidelity, and is punished if

detected by the cheated partner. Detection occurs with positive probability, and it is assumed that a woman

8Section 31 (a) of the Cameroon nationality code of 1968 states that “Cameroon nationality is lost by any Cameroon
adult national who wilfully acquires or keeps a foreign nationality [...]”

9The ability to secure employees’ loyalty has been identified as a key determinant of a firm’s growth and prosperity (Reichheld
(1996)); leakage of technological information and its various economic consequences have been also documented (see, e.g.,
Mansfield et al. (1982), Mansfield (1985), Helpman (1993), Aghion et al. (2001)).

10Networks have been used to study a wide variety of topics including job search through contact information (Boorman (1975),
Montgomery (1991), Calvé-Armengol (2004), Toannides and Loury (2004)), purchasing behavior (Frenzen and Davis (1990)),
interaction and learning (Kandori, Mailath and Rob (1993), Ellison (1993)), technology diffusion and adoption (Coleman
(1966)), HIV/AIDS risk perceptions (Kohler, Behrman and Watkins (2007)), friendship (Jackson and Rogers (2007a)), and
community insurance (Fafchamps and Lund (2000), Kohler and Hammel (2001)).



whose infidelity is detected is punished more severely than a man in a similar situation. These considerations
result in each agent having a single-peaked utility function, which implies that each agent has an optimal
number of partners that is finite. Due to gender asymmetry in the punishment of infidelity, this number is
strictly greater for each man than for each woman. Let n be the size of the population, and s}, and s}, the
optimal number of partners for each man and for each woman, respectively.

Our first exercise consists of characterizing the pairwise stable or equilibrium networks of this mating
economy. The notion of pairwise stability is based on the assumption that individuals form new links or
sever existing ones based on the net reward that the resulting network offers them relative to the current
network. In particular, we say that a network is pairwise stable or in equilibrium if (7) no individual has
an incentive to sever an existing link he or she is involved in, and (#7) no pair of a man and a woman have
an incentive to form a new link while perhaps at the same time severing some of the existing links they are
involved in.!'!

We find that the characterization of stable networks depends on the size of the economy as well as the
optimal number of partners for men and women. In particular, we distinguish three cases. The first case
corresponds to very small economies, the second and the third cases corresponding to small economies and
large economies, respectively.!?

In the first case, there exists a unique pairwise stable network in which all men are matched with all
women. This case corresponds to a situation in which there is a short supply of partners on both sides of
the market, allowing each agent to be matched with all agents on the opposite side. In small economies, we
find that a network is pairwise stable if and only if each woman has her optimal number of male partners
(s¥), while each man is matched with anywhere from no woman to all the women in the economy. In the
third case, the characterization result is a bit more complex. We find that a network is pairwise stable if and
only if all women obtain their optimal number of partners, except at most s}, — 2 women, and each man is
matched with no more than his optimal number of partners.!?

We notice that in general, female discrimination in infidelity punishment results in women supplying
fewer links than the ones demanded by men, which leads to men competing for women. It ensures that
each woman find a match in equilibrium, while the competition on the men’s side generally leaves some men
unmatched, especially in small and large economies.

We now turn to the study of the efficiency of fidelity networks, and its relationship to stability. We

11 As mentioned earlier, the analysis in the current paper is static. It does not get into the dynamic process of network
formation. For its dynamic counterpart, see Pongou and Serrano (2009).

12Formally, these three cases correspond respectively to (1) : n < 2s%; (2) : 2s%, <n < 2s%; and (3) : n > 2s5,.

13 Given that sy —21is at least equal to zero, this result implies that all women obtain their optimal number of partners when
sy, = 1or sy, = 2. It is when s}, exceeds 2 that at most s}, — 2 may have fewer than s} partners. When this happens, it is
because of an absence of coordination in network formation.



consider two notions of efficiency, namely strong efficiency and Pareto-efficiency. A network is said to be
strongly efficient if its total value, given by the sum of the individual utilities in the network, is maximal. For
each network, we also consider optimality for each side of the market.'4 A network is said to be Pareto-efficient
if one cannot increase the utility of one agent (by adding and/or deleting links, and/or by redistributing
partners) without decreasing the utility of another agent.

We find that in very small economies, the unique pairwise stable network that exists is strongly efficient
and Pareto-efficient. However, in small and large economies, it is possible that no equilibrium network be
strongly efficient. This tension however does not exist between stability and Pareto-efficiency. In fact, we
find that all pairwise stable networks are Pareto-efficient, except those in which some women are matched
with fewer than their desired number of partners.

Turning our focus to the analysis of gender-based optimality, we find that in very small economies, the
unique equilibrium network that exists is male-optimal and female-optimal. This is uniquely attributed to
the fact each agent obtains the maximum possible number of partners. In small and large economies, all
equilibrium networks are female-optimal, except those in which there exists at one woman who is matched
to fewer than s} partners. No pairwise stable network is male-optimal. In fact, male-optimality to be
achieved requires that each man obtain his optimal number of partners, which would imply that the number
of links coming from the women’s side strictly exceed the number of links that these women can optimally
supply, something that is impossible in equilibrium. One therefore notes a tension between male-optimality
and network stability, and an equivalent tension between female-optimality and male-optimality, the unique
underlying factor being female discrimination. The effect of female discrimination on women is thus para-

doxically positive as it generally guarentees optimality on their side.

1.3 Communication Potential and Female-information-biased Economies

We now turn to the third goal of our paper. We introduce an approach to studying information concentration
in a network, and use it to provide a characterization of female-information-biased economies, which are
mating economies in which women concentrate more information than men in any equilibrium network.
This approach assumes that a piece of information received by an individual randomly chosen from society
travels the existing network via word-of-mouth or direct neighbors’ contagion, and so does not spread if
received by an isolated individual. To be more precise, assume that an agent is drawn at random to receive
a piece of information (which could be interpreted as a random signal received from nature, or an instance

of getting infected by the AIDS virus due to a random event). He/she then communicates it to his/her

14 This is defined in terms of male-optimality and female-optimality. More precisely, we say that a network is male-optimal if
its total value for men (the sum of male utilities) is maximal. Female-optimality is similarly defined.



partners, who in turn communicate it to their other partners, and so on. If that agent has no partner, the
information does not spread. Under the assumption that each agent is drawn with equal probability, we
define the communication or contagion potential of that network as the expected proportion of agents who
will receive the information, and we provide a formula for this notion. We also derive a formula for gender
difference in contagion potential or information concentration in a network. These formulas rely only on the
components size of each network.!®

Next, we provide a complete characterization of female-information-biased economies. We find that
information is more prevalent among women in any equilibrium network of a mating economy if and only
if that economy is segmented such that no segment has more than 4s}, + 2 men and women whenever s,
exceeds 1.!9 Empirically, a segmented economy may correspond to an economy in which the supply and
demand for partners obey to rules that partition the population into pairwise disjoint groups of agents.'”

An implication of our characterization result is that in a sufficiently large and homogeneous (or non-
segmented) economy, female discrimination in infidelity punishment does not necessarily lead to information
being more concentrated among women in statically stable networks, except when the level of discrimination

is sufficiently high, discouraging any attempt by any woman to cheat.

1.4 Two Extensions

We extend the fidelity model to two classes of mating economies. The first extension is to economies of
female-to-male subjugation, and the second is to economies of class societies.

An economy of female-to-male subjugation is an economy in which within each couple, the woman is
always available to the man when he needs her.!® Under the assumption that each agent is endowed with one
unit of time that he/she splits equally among all his/her partners, female subjugation is formally equivalent
to saying that within each couple, the woman invests at least as much time in the relationship as the man.

This imposes a constraint on the formation of networks that we take into account in the characterization

15The reader may go directly to Claim 1 and Definition 2 in Section 5 to learn about these notions.

16 A segmented mating economy is here defined as a collection of mutually disjoint mating economies, that is, a collection of
economies that operate separately. Each of these economies is called a segment.

Note that in a segmented economy, s}, need not be the same in all segments. Our characterization result thus implies that if
sy, = 1in a segment, that segment can be of any size, but if s}, > 1, its size must not exceed 4s}, + 2, for the economy to be
female-information-biased.

17Examples of such economies abound in real life. The sexual market for instance can be viewed as partitioned by factors that
govern partners choice such as anti-miscegenation law, religion, geographical distance, family background, biological distance
(e.g., a man may not mate with his sister or cousin), etc.

Another example of a segmented economy is the academic job market in which job candidates and departments are matched
based on academic specialization. In such a market, a holder of a PhD in French Literature cannot be matched with a department
of Economics. One therefore can think of such a market as a collection of disjoint small markets.

A mating economy may also be segmented along a discrete time space in which, in each period, an equal number of men and
women are on the market, and they are replaced by a new generation of agents in the following period. Each time-segment will
be relatively small (because not everybody is on the market at the same time), even though the overall economy will look large.

18 An implicit assumption here is that if a woman has two partners, both will not need her at the same time.



of pairwise stable networks. This characterization is similar to the one obtained for economies without
constraint, with the only difference that in all pairwise stable networks, no woman has more partners than
any of her partners. We find that all economies of female-to-male subjugation are female-information-biased.
This is because the number of women who receive a piece of information initially given to a randomly chosen
man exceeds the number of men who receive the information when it is initially given to a randomly chosen
woman.

A few remarks regarding the predictions of economies of female-to-male subjugation are in order. First,
notice that if the optimal number of partners for each woman is 1, an economy under the constraint of
female subjugation admits the exact same set of equilibrium networks as the corresponding economy without
constraint. This set consists solely of monogamous and polygynous networks in which each man is matched
to no more than his optimal number of partners (that is, s, = s}, = 1 and 0 < s,,, < 7, ). Second, we
note that in a mating economy of female-to-male subjugation, women always concentrate more information
than men in any network that arises. In a sufficiently large and non-segmented economy without constraint,
this is the case if and only if s}, = 1. These two remarks suggest that the constraint of female subjugation
can be viewed as a generalization of the normative principle that governs the formation of relationships in
monogamous and polygynous societies, and is therefore far from being restrictive.

Our second extension is to economies of class societies. In these economies, agents on each side of the
market are ranked according to their social class, and higher ranked agents are more desired as partners. We
find that there exists a unique equilibrium network. This network presents a pattern of matching in which
lower class women match with men who are of higher rank, even though men on the top do not generally
match with women on the bottom. An interesting feature of this economy is that as female discrimination
increases, women also improve the quality of their matches.

We find that the unique equilibrium network of an economy of class societies is female-information-biased.
Also, we find a positive relationship between an individual’s rank and his/her likelihood of concentrating

information. Lastly, we show that a woman is more likely to be informed a man of the same rank.

1.5 HIV as Biological Information: Gender, Discrimination and HIV/AIDS

Assuming that the AIDS virus is a type of biological communicable information, we try to understand the
role of anti-female discrimination in gender differences in HIV/AIDS prevalence in the light of our theoretical
findings. The proportion of women among HIV infected adults was 43% in 1990, but increased to stabilize
at 50% in 2001 (UNAIDS (2008)). In sub-Saharan Africa where the AIDS epidemic has caused the most
damage, this proportion has grown from 53% in 1990 to 60% in 2007 (UNAIDS (2008)). A recent analysis of



Demographic and Health Surveys and AIDS Indicator Surveys, which are household surveys commissioned
by the United States Agency for International Development through MEASURE DHS, confirms the higher
concentration of HIV/AIDS among women in most developing countries (Mishra et al. (2009)).

Two main hypotheses have been advanced to explain the greater vulnerability of women to HIV/AIDS.
The first is the assumption that the male-to-female transmission rate of the AIDS virus is greater than the
female-to-male transmission rate (WHO (2003)). The second hypothesis posits anti-female discrimination
as a key underlying factor (WHO (2003)).

The argument behind the first hypothesis is mainly speculative, and rests on the claim that women have
larger exposed surface area of mucous membrane during sexual intercourse, as well as a larger quantity of po-
tentially infectious fluids than men (WHO (2003)). Furthermore, this hypothesis was tested and invalidated
in the African context in two influential studies from Uganda (Quin et al. (2000), Gray et al. (2001)). These
studies use samples of monogamous heterosexual, HIV-discordant couples.!? These couples were identified
retrospectively from a population cohort in Rakai, Uganda. Frequency of intercourse within couples and
HIV-1 seroconversion in the uninfected partners were assessed prospectively. Men and women independently
reported similar frequencies of sexual intercourse.?’ In the first study, the male-to-female transmission rate
of the AIDS virus (12.0 per 100 person-years) was not found to be significantly different from the female-
to-male transmission rate (11.6 per 100 person-years). The second study yielded a similar conclusion. The
probability of the virus transmission per coital act from infected women to their initially uninfected male
partners (0.0013) was not significantly different from the transmission probability per act from infected men
to their initially uninfected female partners (0.0009). These findings invalidate the early hypothesis and
explanation for gender asymmetry in transmission rate.?! It is also the case that in several Western regions
with low HIV/AIDS prevalence, women are not significantly more infected than men (UNAIDS (2008)). For
these reasons, the focus is being shifted to the second hypothesis which is that of societal discrimination
against females.

Female discrimination has been documented in almost every society.?? There is an increasing interest in its
role in the greater vulnerability of women to HIV/AIDS (WHO (2003)), but how discrimination really plays

out is still not well understood. India for instance has a long history of pronounced discrimination against

19 An HIV-discordant couple is a couple in which one partner is infected with the AIDS virus and the other partner is not.

20This is an important feature of these data that is generally absent in most data with information on sexual behavior. It
seems to reflect that partners were faithful to each other, and thus infected individuals who were initially uninfected contracted
the AIDS virus through intercourse with their initially infected partners. This makes it possible to assess gender differential
transmission rates.

218ee also Powers et al. (2008) for a recent review of literature.

228ee, e.g., Wollstonecraft (1792), Nussbaum and Glover (1995), Sen (1999)). There are several manifestations of the unfa-
vorable treatment of women, whether it is in the household or on the labor market. One of these manifestations, known as
the desirability bias, often appears in household surveys where women generally underreport their sexual activity (Fenton et al
(2001), Zaba et al (2004), Mensch, Hewett, and Erulkar (2003), Jaya et al (2008)), consistent with the notion that women find
it more difficult to admit having experienced sex outside a socially sanctioned relationship (Dare and Cleland (1994)).



women (see, e.g., Sen (1999)), but HIV/AIDS is more concentrated among men than women in this country
(Mishra et al. 2009). Perhaps confirming this observation, our study shows that female discrimination does
not necessarily lead to HIV/AIDS being more prevalent among women in statically stable networks.?

The theoretical identification of female-information-biased economies given earlier basically corresponds
to a complete characterization of sexual markets in which HIV/AIDS is always more prevalent among women
than men due to female discrimination. An important implication of that result is that in a sufficiently large
and homogeneous market, HIV/AIDS will not necessarily be more prevalent among women if the level of
anti-female discrimination is not high enough. But as social segmentation emerges, women become more
vulnerable. Other markets in which women bear a greater share of the HIV/AIDS burden are economies

25 Interestingly, in the latter class of

of female-to-male subjugation®?, and economies of class societies.
economies, while female discrimination does not favor women in general, it however improves the quality of
their matches. In these economies, our findings also imply that higher ranked agents are more vulnerable to
HIV/AIDS, confirming empirical findings that HIV/AIDS prevalence is higher in richer and more educated
men and women (Mishra et al. (2007), Fortson (2008)). in sum, the identification of markets that are prone

to greater female vulnerability to HIV/AIDS is likely to inform policies that seek to address this very crucial

issue of gender equity.

1.6 Related Literature

A general framework for the study of the stability and efficiency of social and economic networks was
introduced by Jackson and Wolinsky (1996). The basic assumption underlying the analysis in this study is
that agents form and sever links with each other based on the reward from doing so. A notion of pairwise
stability is developed, which allows to predict networks that are likely to form. The benefit to a stable
network accruing to each agent depends on the productive value of this network and the allocation rule.
A natural and important question answered by the authors is whether there exists an allocation rule that
ensures that agents form an efficient network. They find that in general, there exists a tension between
stability and efficiency.

Following the seminal paper by Jackson and Wolinsky (1996), Dutta and Mutuswami (1997) further study

23Note that Pongou and Serrano (2009) examine long-run predictions, and find that female discrimination results in HIV /AIDS
being at least as prevalent among women as among men in the long run. How these findings and our findings complement each
other, and combine to produce a more efficient solution to the issue of gender inequality in HIV/AIDS prevalence, are discussed
later.

24 As we have seen earlier, a good example of an economy of female-to-male subjugation is a society in which polygyny is part
of the cultural norms.

25In an economy of class societies, it is assumed that all factors that determine partners choice such as education, income,
age, etc., are aggregated into a single quantifiable factor that determines the rank of each agent. Alternatively, there could be
a predominant factor, which constitutes the only thing that people care about. It could also be the case that the market is
segmented along religious lines for instance, and within each religious group, there is a class economy.

10



the relationship between stability and efficiency. Their analysis is based on a strategic form game in which
each agent announces a set of other agents with whom he/she wants to form a link, and a link between two
agents is formed if both announce it. They define two stability notions, strong stability and weak stability,
which they use to predict networks that are likely to form. As in Jackson and Wolinsky (1996), the study of
the relationship between stability and efficiency also reveals a tension between the two notions.?®

Our study is related to these works in that we analyze network formation among agents that trade off
the cost and benefit of forming links. We define a notion of pairwise stability that allows for simultaneous
link formation and severance, and which differs from the ones proposed in these studies.?” Our analysis of
the relationship between stability and strong efficiency confirms the tension between the two notions as in
Jackson and Wolinsky (1996) and Dutta and Mutuswami (1997). A distinctive contribution of our study
however is in taking advantage of its underlying bipartite environment to investigate optimality on each side
of the economy. We note a tension between male-optimality and stability, but stability agrees with female-
optimality in general. We also examine the relationship between stability and Pareto-efficiency, and provide a
full characterization of pairwise stable networks that are Pareto-efficient. We find that such networks always
exist, perhaps showing that the tension between stability and efficiency may be sensitive to the notion of
efficiency investigated. Another distinctive feature of our study is our focus on fidelity networks, which
are networks in which a priori, agents do not know the other partners of their partners, and do not gain
anything from being indirectly linked to them. These networks therefore have different incentive properties
and different applications.

The fidelity model has been extended in two ways. Pongou (2009b) generalizes it to multi-ethnic societies,
deriving testable predictions for the effects of ethnic diversity on sexual behavior and the spread of HIV /AIDS.
Pongou and Serrano (2009) focus on its long-run predictions, based on a dynamic and stochastic approach.
They characterize networks that are visited a positive amount of time in the very long run, and find that in
these networks, women always concentrate more information than men. In addition to their methodological

differences, our paper and Pongou and Serrano (2009) differ in their scope, as issues pertaining to efficiency

26The basic framework in Dutta and Mutuswami (1997) is similar to the one introduced by Aumann and Myerson (1988).
Aumann and Myerson (1988) study a two-stage game in which in the first stage, players form bilateral links, yielding a
cooperative structure to which the Myerson value (Myerson (1977)) is applied to determine the payoff to each player in the
second stage. Extensions and variants of this game have been considered in Dutta, van den Nouweland and Tijs (1996), Slikker
and van den Nouweland (2001a), and Slikker and van den Nouweland (2001b).

It is also important to note that the pioneering works of Aumann and Myerson (1988) and Jackson and Wolinsky (1996) have
spawn a number of studies on strategic network formation (see, e.g., Dutta and Mutuswami (1997), Bala and Goyal (2000),
Watts (2001), Jackson and Watts (2002), Jackson and van den Nouweland (2005), Page, Wooders and Kamat (2005), Dutta,
Ghosal and Ray (2005), Bloch and Jackson (2007), etc.). Some of these papers use a dynamic framework (see, e.g., Bala and
Goyal (2000), Watts (2001), Jackson and Watts (2002), Ghosal and Ray (2005), etc.), and the focus in some of them is on
directed networks, which are networks in which an individual can link to another one without his/her consent, such as sending
an email or inviting someone to a party (see, e.g., Bala and Goyal (2000)).

270ur notion of pairwise stability is however close to the one underlying the analysis of the marriage problem in Jackson and
Watts (2002). Also, one can show that the set of stable networks is the same under the definitions of pairwise stability proposed
in both our paper and Jackson and Wolinsky (1996).
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or its relationship to stability are not covered in the latter study. Another distinctive feature of our study
is in extending the fidelity model to other economies such as the economies of female-to-male subjugation,
and the economies of class societies. When it comes to understand the effect of female discrimination on
gender differences in HIV/AIDS prevalence, the findings of the two papers turn out to complement each
other. To be more precise, while Pongou and Serrano (2009) show that discrimination does not favor women
in the very long run, our study fully identifies the characteristics of mating economies that produce the same
outcome in the early stage of network formation. In a context of limited resources to address gender inequity
in HIV/AIDS prevalence and its detrimental social and economic consequences, such an identification calls
attention to markets that should be prioritized in initial interventions. When considered together, findings
from both studies establish priorities as to where to invest these scarce resources, and with what timing and
intensity.

Finally, we introduce a new approach to the study of information diffusion and concentration in a network.
This approach assumes that information travels the network via word-of-mouth or neighbors’ contagion, and
so does not spread if received by an isolated agent. Some studies on the effect of network structure on
the diffusion of information or the spread of certain diseases or behaviors make a similar assumption (see,
e.g., Pastor-Satorras and Vespignani (2000, 2001), Jackson and Rogers (2007b), Jackson and Yariv (2007),
and Lopez-Pintado (2008)). These studies generally assume a distribution of connections in the population,
and/or a payoff function whose arguments include an individual’s and her neighbors’ choice of a certain
behavior; and they generally draw on the mean-field approximation theory, which consists of solving a
particular differential equation, to identify equilibrium outcomes. Our approach differs in that we make
no assumptions on the connectivity distribution of the population, but rely only on the knowledge of the

number of components and their size.

1.7 Plan of the Paper

The remaining of this paper unfolds as follows. Section 2 introduces the model that forms the basis for
our analysis. We characterize pairwise stable networks in Section 3. In Section 4, we study the efficiency of
fidelity networks. Section 5 introduces a new approach to analyzing the diffusion of information in a network,
which we also use to characterize mating markets in which one side always concentrates more information
than the other side in any network that arises. Section 6 introduces two extensions of the fidelity model,

and Section 7 discusses and concludes our study.

2 The Fidelity Model
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The economic environment consists of a non-empty finite set of individuals N = {iy,...,4,} of size n,
partitioned into a set of men M and a set of women W, each of equal size. Each individual derives utility
from direct links with opposite sex agents, but engaging in multiple links is an act of infidelity, and is
punished if detected by the cheated partner. Detection occurs with positive probability. It is assumed that
a woman whose infidelity is detected is more severely punished than a man in a similar situation. Networks

that arise from this environment are called fidelity networks.

2.1 Utility Functions

Let M W denote the cartesian product of M and W. A network is a subset of M «W. Denote by G(N) the
set of all possible networks, and let ¢ € G(IV) be a network. Since we are dealing with undirected graphs,
if (4,7) € g, we will abuse notation and consider that (j,7) € g (in fact, (¢,7) and (j,4) represent the same
relationship). Let ¢ € N be an individual, and s;(g) the number of opposite sex partners that ¢ has in the

network ¢.28 The utility that ¢ derives from g is expressed by the following function:
g Yy g p y g

ui(si(g)) = v(si(9)) — c(si(9))

where v(s;(g)) is the utility derived from direct links with opposite sex partners in g, and is concave and
strictly increasing in s;(g); and c(s;(g)) the cost of infidelity.

We shall define the cost function more precisely. Let j,k € N be such that (,5) € g and (i,k) € g. Let
7 be the probability that j detects the liaison (i, %), and ¢ the cost incurred by 4 if j detects that liaison.
Because ¢ has s;(g) partners, he/she will be detected s;(g)(s;(g) — 1) times with probability 7, incurring an

average cost of s;(g)(s;(g) — 1)mc. So we define the cost function as:

c(si(g)) = si(g9)(si(g) — )me

Assuming that 4 is an expected utility maximizer, he/she will thus maximize the following utility function:

u;i(si(g)) = v(si(g)) — si(g)(si(g) — )me

We denote the extension of u; to the non-negative reals as w;(s;). Without loss of generality, let w; be

twice continuously differentiable. The following remark is straightforward:

28That is, s;(g) = |[{j : (4,5) € g}|- s; can also be regarded as a function that maps any network g into the number

i : (55) € g}l
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Remark 1 (1) 3s* € [1,+o00[ such that W (s*) =0, Vs € [0,s*[, @'(s) > 0, and Vs €]s*, +oo[, u'(s) < 0.
(2) e <0

Remark 1 implies that u; is single-peaked. Given that the cost incurred per detection is equal for all
individuals of the same type, they have the same optimal number of partners. Further, the optimal number
of partners for women is smaller than the optimal number of partners for men because the former are more
severely punished than the latter if their infidelity is detected. Note that if s* is not an integer, then the
optimal number of partners will be either the largest integer smaller than s* |s*| or the smallest integer
greater than s* [s*]. We also postulate that for no s > 0, u;(s) = u;(s + 1). These considerations motivate
the following assumption:

Assumption Al. Denoting by sy, and s}, the unique optimal integer number of partners for men and

women, respectively, we assume that s;, > s7 .

2.2 Mating economies

This section introduces the notion of mating economies. Let ¢ be an individual and P(¢) the set of feasible

partners of i. We assume that j € P(i) = i € P(j).%°

A trivial mating economy (also called a mating economy), denoted € = (N = M U W, (u;)ien), is a
population N = M U W endowed with a utility profile (u;);en such that for any i € M (resp. i € W),
P(i) =W (resp. P(i) = M).

In any mating economy, all agents have identical utility functions, but the cost of infidelity after detection
is greater for each woman than for each man. Under this assumption, a mating economy & = (N = M U
W, (u;)ien) corresponds to a triplet (N = MUW, s¥ ., s¥), and conversely, to any triplet (N = MUW, s¥, s¥),
one can associate a mating economy & = (N = M U W, (u;)ien)-

A segmented mating economy £ is a finite collection of pairwise disjoint mating economies. More formally,
£ is segmented if £ = (Et)telT where It = {1,...,T}; &' = (N* = M* UW?, (ul);cn¢) is a mating economy;

forany t #t' € Iy, N'NN' = ¢; and N = U Nt.
telr
In a segmented mating economy &, each economy &' = (Nt = M* UW?, (ul);ent) is called a segment,

and can be associated with a triplet (Nt = M* U W? st* si*) where si* and s!} are respectively the unique
optimal integer number of partners for men and women in that segment. We shall pose |[N*| = n.

A trivial mating economy as previously defined is therefore simply a segmented mating economy that has

only one segment. It can also be called a non-segmented mating economy.

29Note that if i € M (resp. i € W), then P(i) is included in W (resp. M), but is not necessarily equal to W (resp. M).

14



A segmented mating economy can be thought of as a collection of mating markets that operate separately.
An example of such an economy is the academic job market where candidates and departments are matched

based on academic specialization. We provided other examples of such economies in the introduction.

2.3 Elements of Fidelity Networks

Let g be a fidelity network. The elements of IV are called vertices. A path in g connecting two vertices i,
and i, is a set of distinct nodes in {iy,4,...,4,} C N such that for any k, 1 <k <n—1, (ix,ix+1) € g.

Let ¢ be an individual. We denote by ¢(i) = {j € N : (4,j) € g} the set of individuals who have ¢ as a
partner in the network g. The cardinality of g(¢) is called the degree of 7. If a set A is included either in M
or W, then the image of A in the network g is g(A) = U g(i).

We denote respectively by M(g) ={ie M :3j € I/I/Z',e(?,j) €gtand by W(g)={ie W:3j€ M,(i,j) €
g} the set of men and women who are matched in the network g. We pose N(g) = M (g) U W (g).

A subgraph ¢’ C g is a component of g if for any ¢ € N(¢’') and j € N(g’) such that ¢ # j, there is a
path in ¢’ connecting i and j, and for any i € N(g’) and j € N(g) such that (i,5) € g, (i,7) € ¢’ A network
g can always be partitioned into its components. This means that if C'(g) is the set of all components of g,

theng= |J o and forany ¢’ € C(g) and g" € C(g), g’ Ng" = 0.
g'€C(g)

2.4 Equilibrium Networks

In a society such as the one we are describing, individuals form new links or sever existing links based on the
improvement that the resulting network offers them relative to the current network. We say that a network
g is pairwise stable or in equilibrium if (¢) no individual has an incentive to sever an existing link she is
involved in, and (¢7) no pair of a man and a woman have an incentive to form a new link while at the same
time severing some of the existing links they are involved in.

More formally, given a profile of utility functions u = (u;);en, & network g is pairwise stable with respect
to w if:

(1) Vi€ N, V(i,j) € g, ui(si(g)) > wi(si(g \ {(4,5)}))

(i3) V(i,5) € (M « W)\ g, if network ¢’ is obtained from ¢ by adding the link (7, j) and perhaps severing
other links involving i or j, u;(s;(¢')) > ui(si(9)) = u;(s;(9")) < u;(s;(g)) and u;(s;(g")) > u;(sj(g9)) =
ui(si(g') < ui(si(g))-

We denote the set of pairwise stable networks of a mating economy &£ by PS(E).
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3 Characterization of Equilibrium Networks

In this section, we provide a complete characterization of equilibrium networks. We derive our results only
for non-segmented mating economies. The reason is that if an economy is segmented, a result obtained for
one segment obviously apply to other segments, and thus, the generalization to the entire economy can be
made easily.?°

A few lemmas will precede the main characterization result provided in this section.

The following lemma says that in a pairwise stable network, no individual can be matched with more

than his/her optimal number of partners.
Lemma 1 Let g be a pairwise stable network. Then, V(m,w) € M« W, 0 < s, < 8% and 0 < s, < 8%

Proof. Let g be a pairwise stable network. It is obvious that for any pair (m,w) € M x W, the inequalities
0 < s, and 0 < s, hold. Now assume by contradiction that there exists an agent ¢ who is matched with
more than his/her optimal number of partners. That agent will improve by unilaterally severing one of the
links he/she is involved in, which implies that ¢ is not pairwise stable, a contradiction. It follows that any
pair (m,w) € M « W, s, < s}, and s, < s . This completes the proof. m

The following lemma characterizes pairwise stable networks in relatively small economies. In particular,
it says that if market size does not exceeds 2s}, (which is equivalent to saying that |M| < si), then the
unique pairwise stable network is one in which all men are matched with all women. However, if market size
exceeds 2sy, but is no more than 2s;,, then a network is pairwise stable if and only if each woman is matched

exactly with her optimal number of partners, and each man is matched with anywhere from no woman at

all to all women in the economy.

Lemma 2 Let g be a network. (1) and (2), and (1) and (3) are equivalent.
(1) g is pairwise stable
(2) If M| < s%,, then Y(m,w) € M« W, 8, = sy = | M|
(8) If st < |M| < s%,, thenV(m,w) € M+« W, 0< s, <|M| and s, = s,.

Proof. The proof of the equivalence of (1) and (2) is straightforward and simply says tha if |M| < s, the
unique pairwise stable network is the one in which each man is matched with all women.

Let us now show the equivalence of (1) and (3). We will proceed in two steps.

300nly one main result in the paper (see, Section 5, Theorem 3) will explicitly appeal to non-trivial segmented mating
economies.
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(1) = (3) : Assume that g is pairwise stable. Assume also that s < |[M| < sf,. Given that the number
of women is no more than the optimal number of partners for each man (because |W| = |M| < s), it is
clear that each man is matched to at most |M| women: Vm € M, 0 < s, <|M|.

It just remains to prove that Vw € W, s,, = s},. Assume by contradiction that there exists wy € W such
that sy, < s&. Then for any man m not matched with wy, it should be the case that s, = |[W| = |M]|
(in fact, if there exists a man mg not matched with wqy such that s,,, < |W]|, it is clear that mg and wq
will both improve by forming a new link, which contradicts the fact that g is pairwise stable). But this is
impossible because given that |W| = |M| < s}, there cannot exist any man m not matched with wy who
has |W| partners. It follows that Yw € W, s,, = s.

(3) = (1) : Assume that s}, < |M| < s}, and that V(m,w) € M« W, 0<s,, <|M| and s, = s},. Let
us show that ¢ is pairwise stable. A man alone cannot improve by severing a link since he is at the upward
sloping part of his utility function. He cannot form a new link with another woman since each woman has
her optimal number of partners. And a woman cannot be part of any blocking move (either by herself or
with a man) since she is at her peak. Therefore, g is a pairwise stable network. This completes the proof. m

Lemma 2 characterizes pairwise stable networks for relatively small economies. The following lemma on
the contrary considers relatively large economies; in particular, it assumes that market size exceeds a certain

threshold (2s¥,), and shows in this case that if the number of optimal partners for each woman is either

1 or 2, then a network is pairwise stable if and only if each woman is matched exactly with her optimal
number of partners, and each man is matched with anywhere from no woman at all to his optimal number

of partners.

Lemma 3 Assume that s}, € {1,2} and |[M| > s, and let g be a network. Then (1) and (2) are equivalent.

1) g is pairwise stable

2)V(m,w) € M+« W, 0 < s, <s& and s, = 85

Proof. Assume that s}, € {1,2} and |M| > s}, and let g be a network.

(1) = (2) : Assume that g is pairwise stable. Given Lemma 1, we just have to prove that Vw € W,
Sw = S,,. Assume by contradiction that there exists wy € W such that s, < s},. Then for any man m not
matched with wy, it should be the case that s,, = s};,. In fact, if there exists a man m not matched with wq
such that s,,, < sy, it is clear that mo and wy will both improve by forming a new link, which contradicts
the fact that g is pairwise stable.

It then follows that the number of links coming from the men side is at least s¥,(|M| — su, ). Notice that

m

st (M| =58w,) > s5,(|M|—1) because s,, < si, € {1,2} by contradiction. But s}, (|M|—1) > (s&+1)(|M]-1)

m

17



(because s}, < sk,), and (s& + 1)(|M| = 1) > sk|M| = sk, |W| (because |M| > sk, > s + 1). It therefore
follows that s¥, (|M| — sw,) > s5,|W|, which means that the number of links coming from the men side
exceeds the maximal number of links that women can supply, which is impossible. We therefore conclude
that Vw € W, s, = sJ,.

(2) = (1) : The argument here is similar to that of (3) = (1) of the proof of Lemma 2. =

According to Lemma 3, if the optimal number of partners for each woman does not exceed 2, each
woman is at her peak in any pairwise stable network. The following example demonstrates that if that
optimal number exceeds 2, this conclusion does not generally hold anymore, and a woman may have less

than her optimal number of partners.

Example 1 Consider a mating economy in which there are 5 men and 5 women. An agenti’s utility function
is ui(s) = s — s(s — 1)mwe; where m = 0.5, and ¢; =10 if i € M and ¢; = 14 if i € W. It can be checked that
sy, =3 and s;, = 4. Consider the two networks represented by Figure 1-1 and Figure 1-2, respectively. In
the first network, each woman has exactly her optimal number of partners and no man has more than his
optimal number. No woman therefore has an incentive to form a new link or sever an existing one she is
involved in. No man has an incentive to sever an existing link he is involved; but because men my and ms
have fewer than their number of partners and thus have an incentive to form a new link, they cannot beacuse
each woman is already at her peak. This network is therefore pairwise stable.

In the second, one woman (wy) has only two partners (less than her optimal number) and four women
have their optimal number, while no man exceeds his optimal number. Note that men who are not matched
to wy are already at their peak, and thus wy cannot form a new link even if she has an incentive to. Also, no
agent has an incentive to sever an existing link he/she is involved in. So this network is pairwise stable as
well. This shows that the characterization of Lemma 38 does not generally hold when the number of optimal

partners for each woman exceeds 2.
Consider the following example too.

Example 2 Consider a mating economy in which there are 8 men and 8 women. An agent i’s utility
function is u;(s) = s — s(s — 1)we; where m = 0.5, and ¢; = % ifi1 € M and c; = % if i € W. It can be checked
that si, =4 and s}, = 5. Consider the two networks represented by Figure 2-1 and Figure 2-2, respectively.
In the first network, each woman has exactly her optimal number of partners and no man has more than his
optimal number. In the second, one woman (w1) has only three partners (less than her optimal number) and

seven women have their optimal number, while no man exceeds his optimal number of partner. Note that
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men not matched to wy are already at their peak, and thus wy cannot form a new link even if she has an
incentive to. Also, no agent has an incentive to sever an existing link. So this network is pairwise stable.

This also shows that the characterization of Lemma 3 does not hold in this case.

The following lemma provides a more general result. It shows that if the optimal number of partners for
each woman exceeds 2 in a relatively large economy, in a pairwise stable network, women who have fewer
than their optimal number of partners, if any, belong to the same component. In addition, the number of

such women cannot exceed s;, — 2.

Lemma 4 Assume that s}, > 2, |[M| > s, and let g be a pairwise network. Let A = {w € W : s, < si}
be the set of women who are matched with fewer than their optimal number of partners.

1) A may not be empty.

2) If A+ ¢, each woman in A has at least one partner.

3) If A # ¢, there exists a unique component h of g such that A C W (h).

4)0< Al <57, — 2.

Proof. Assume that s} > 2 and |M| > s}, and let g be a pairwise stable network.

1) Based on Example 1 and the network represented by Figure 1-2 in that example, we know that A is
not always empty.

2) Assume that A # ¢, and assume by contradiction that there exists a woman wg in A who is not
matched to any man. Then, it should be the case that each man has s}, partners, because if there exists a
man mgo who has fewer than s, then mo and wp will both improve by forming a new link, which implies that
¢ is not a pairwise stable network, a contradiction. But given that each man has s}, partners, the number of
links coming from the men side is s¥, | M|, which exceeds the number of links that women can supply, which
is impossible.

3) Assume that A # ¢. To show that there exists a unique component h of g such that A C W (h), it suf-

fices to prove that m g(w) # ¢. In fact, if ﬂ g(w) = ¢, then Jwy € A such that g(wo)N( m g(w)) =
weEA wEA weA\{wo}
¢. It is also the case that Vm € M \ g(wo), sm = si,. Also, we have: Vm € g(wy), sm = s, (in fact, suppose

* .

that there exists mg € g(wo) such that s,,, < s,; then, since g(wp) N ( ﬂ g(w)) = ¢, there necessarily
weA\{wo}
exists wy € A\ {wp} such that mg ¢ g(w1); but given that s,,, < s¥, and s, < s¥, it will be beneficial

to both mg and w; to form a new link, contradicting the fact that g is pairwise stable). This implies that
vm € g(wo) U (M \ g(wo)) = M, s,, = 8}y, also implying that >\ sm = 55, |[M| > sp|[W[ > >y Sw,

which is impossible. Therefore, m g(w) # ¢.
wEA
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4) We now want to show that 0 < |A| < s* — 2. Based on Example 1 and the network represented by
Figure 1-1 in that example, we know that A may be empty (that is, |4| = 0). In addition, A being a finite
set, it is the case that |A] is a natural number. It follows that |A| > 0. It remains to show that |A| < s} — 2.

Let h € C(g) be the unique component in which the elements of A are vertices. We shall distinguish two
cases: W(h) = A and W(h) # A.

-a) Suppose that W(h) = A. We shall first show that M(h) = ﬂ g(w) = g(A). Since W(h) = A,
weA
it is obvious that g( ﬂ g(w)) C A, which means that no man in ﬂ g(w) is matched with a woman

weA weA
outside of A, because otherwise, W (h) # A, which is a contradiction. W(h) = A also obviously implies

that n g(w) C M(h). Now, let us assume by contradiction that M (h) is not included in ﬂ g(w). This
weEA weA

implies that Img € M(h) \ ﬂ g(w) such that mgy € g(A). But since W(h) = A, mg cannot have a partner

weA
outside of A, because otherwise, W (h) # A, which is a contradiction. Also, it is necessarily the case that

Sme = Sp, (because if s,,, < sk, since Yw € A, s,, < s}, each woman in A not matched with mg will form

s* and the fact that mg has all his partners in A, it follows that

a link with mg). But given that s,,, = s&,

|A| > s%,. However, since by definition, V(m,w) € ﬂ g(w) * A, (m,w) € g, and because of |[A| > s¥,, it is
weEA
necessarily the case that Vm € ﬂ g(w), Sm = s&,. This implies that Vm € ( m g(w)) U (M \ ﬂ g(w))

weA weA weA
Sm = Sy, also implying that >\ sm = sy |M| > s5|W| > > 1 sw, which is impossible. Therefore,

M(h) = [ g(w) = g(A).

weA
Now, because of V(m,w) € ﬂ glw) x A, (m,w) € g and s, < s, it is necessarily the case that
weA

| ﬂ w)| < s¥. It is also the case that V(m,w) € (M\ ﬂ x(W\A), s ¥ and s, = sk, therefore

wEA weA

implying that |M \ ﬂ g(w)|si, = |W \ Alsk,. Given that s¥, > s¥, this equation implies |M \ ﬂ g(w)| <
weA weEA

|[W\ Al, and thus | ﬂ w)| > |A]. Tt therefore follows from | ﬂ w)| < sk that [A] < s — 2.
weEA weA

4-b) Now suppose that W (h) # A. Given that h is unique, it is straightforward that A C W(h) and this

inclusion is strict. This is equivalent to saying that a man in ﬂ g(w) is matched with a woman outside of A
weA
or (“or” here is inclusive) that a woman in A is matched wth a man in M\ ﬂ g(w) (one can show that such
weA
a man is necessarily linked to a woman outside of A). In general, let: B = {(m,w) € g : (m,w) € ﬂ g(w) *
weEA
(W\ A}, C={(mw)€g:(muw) e M\ [)gw)*A)}, D={muw)eg:(muw)e () gw)sxA}
weA weA
and E = {(m,w) € g : (m,w) € M\ ﬂ * (W\ A)}. We have g = BUCUDU E. Each man in
wEA
M\ ﬂ ) has s}, partners and each woman in W'\ A has s}, partners. Thus, the following equality holds:
weEA
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| M\ ﬂ g(w)|sk, —|C| = |W\ Alsi, — |B|. This implies |B| = |[W\ A|s%, — | M\ ﬂ w)|st, +|C|. But |C| =
weA weEA

S wea sw—|Dl,and D] = (] g(w)[|A], thus |B| = [W\Als;, M\ (7] g(w)lsi+Cyeasu—| [ g()llAl.
weA weA weA
Beacuse each woman in A has at most s}, — 1 partners, the greatest possible value of }_ _ , s, is |A[(s}, —1).

This implies that the greatest possible value of |B| is max |B| = |W \ Alsf, — |M \ m g(w)|sk, + |Al(s}, —

weA
=1 ) 9@)IA] = (s}, = [AD| () g(w)| — |A] + |[W]|s}, — [M|s},. But max|B| > 0, which implies that
weA weA
sl [ ow)l= 18155, —53)
|A] < wes < s& — 1. This obviously implies that |A] < s¥ — 2, which completes our
IRECE
weA
proof. m

We are now ready to provide a complete characterization of pairwise stable networks in a mating economy

of any size.

Theorem 1 Let g be a network. (1) and (2) are equivalent.

1) g is pairwise stable

2) (i) |IM| < sf) = V(m,w) € M« W, 8y, =8, = |M|

(i) sk < |M| < sk, = V(m,w) e M*xW, 0< s, <|M| and s, = sJ,.

(i11) - sk, =1,2 and |[M| > s, = V(m,w) € M +«W, 0 < s, <s and s, = s},.

() - st >2 and |M| > s}, = JA={w € W : s, < 55} such that:
-A=¢=V(m,w) e MxW,0< s, <s and s, = s,
-A#¢:>V(m1,m2,w1,w2)eﬂ *M\ﬂ )x Ax (W \ A),

weA weA
|A] < 8y <85, Sy = 85, 1 < 8y, < 8% — 1, and sy, = s5.
Proof. The proof of the equivalence of (1) on one hand, and (2 —4), (2 — i) and (2 — 444 on the other hand
derives directly from Lemmas 2 and 3. It remains to prove the equivalence of (1) and (2 — iv).

(1) = (2 —4v) : Assume that g is pairwise stable, and that s, > 2 and |[M| > s},. Let IA={w e W :
sw < s&} be the set of women who are matched to fewer than their optimal number of partners. We know
that A may or may not be empty.

Assume that A = ¢. Then, it directly follows from that assumption and from Lemma 1 that V(m,w) €

* %
MxW,0< sy, <s;, and s, = s5,.

Assume that A # ¢. Let (mq, mo, wi,ws) € ﬂ * (M \ ﬂ g(w)) * A (W \ A). my is matched to
weEA weA
all women in A; in addition, we have 0 < s,,,, < s, (from Lemma 1); it thus follows that |A| < Sy < S5,
It is also clear that s,,, = s*,. In fact, if s,,, < s, given that mg € M \ ﬂ , there necessarily
wEA

exists a woman wg in A who is not matched to ms. Both msy and wy would therefore improve by forming a
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new link, which contradicts the fact that g is pairwise stable.

Regarding wy, the first inequality 1 < s,,, comes from Lemma 4, and the second inequality s,,, < s}, —1
comes from the fact that wy € A.

Finally, we obviously have s,, = s}, from the fact that 0 < s,,, < s (Lemma 1) and from wy ¢ A. This
completes the proof of (1) = (2 — iv).

(2 —iv) = (1). Let g be a network. Suppose that s, > 2, and let A ={w e W :s, < si}.

Assume that A = ¢ and that V(m,w) € M«W,0 < s,,, < s} and s,, = s}; and prove that g is a pairwise
stable network. The proof is similar to that of (3) = (1) of Lemma 2.

Assume that A # ¢ and that V(mq,ma, wr,ws) € ﬂ g(w)*x(M\ m g(w))x Ax(W\A), |A| < sy < 85

m?
wEA weEA
Sma = Spyy 1 < Sy < 53— 1, and sy, = si; and prove that g is a pairwise stable network. No agent will

improve by unilaterally severing an existing link he/she is involved in g since he/she is either at the upward

sloping part of his/her utility function or at his/her peak. No man in ﬂ g(w) cannot be part of a blocking
move with a woman in A (since both are already matched to each otqlulgr% or with a woman in W\ A since
she is at her peak. Similarly, no woman in W \ A cannot be part of a blocking move with any man since
she is at her peak. Finally, no pair of a man and a woman in (M \ ﬂ g(w)) * (W \ A) (not matched in
g, if any) will not improve by forming a new link since they are at tlllueei;jl optimum. This shows that g is a
pairwise stable network, which completes the proof. m

Theorem 1 evidences the fact that the characterization of pairwise stable networks is sensitive to market
size. This is one reason why its proof is far from being obvious. In combination with Lemmas 3 and 4,
it implies that in a sufficiently large economy (|M| > s¥,), a network is pairwise stable if and only if all
women obtain their optimal number of partners, except at most s}, — 2 women, and each man is matched
with at most his optimal number of partners. The fact that a few women may be matched to fewer than
their optimal number of partners in some networks cannot be attributed to an absence of competition among
men, but can be explained by an absence of coordination in network formation.

We end this section by stating the following straightforward result, which says that the set of pairwise

stable networks of any mating economy is never empty.
Remark 2 Let £ = (N =M UW, (u;)ien) be a mating economy. Then PS(E) # ¢.

Proof. The proof is simple by noticing that: if |[M| < s¥, there is a unique pairwise stable network (Lemma
2); and if [M| > s%, then all egalitarian networks where each agent has s, partners are pairwise stable. Such

networks always exist and are very easy to construct. m
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4 Efficiency and Stability

In this section, we study the efficiency of pairwise stable networks. We appeal to two concepts of efficiency,
namely Pareto-efficiency and strong efficiency, and we also consider optimality for each side of the market.
A network is said to be Pareto-efficient if one cannot increase the utility of an agent (in our case by a certain
redistribution of partners among agents resulting in a new network) without decreasing the utility of another
agent. A network is said to be strongly efficient if its total value, given by the sum of individual utilities
in the network, is maximal. We say that a network is male-optimal if its total value for men (the sum of
utilities accruing to men) is maximal. Female-optimality is similarly defined. Those notions are formalized

in the following definition.

Definition 1 Let £ = (N = M UW, (u;);en) be a mating economy and g a network.

1) g is said to be Pareto-dominated by another network g' if for all agent i, u;(s;(g)) < u;(s;(¢")), and
u;(s;0(9)) < uj(sj(g") for some agent j. A network that is not Pareto-dominated is said to be Pareto-optimal
or Pareto-efficient.

2) g is said to be strongly efficient if 3,y ui(5:(9)) > D,y ui(si(g")) for all network g'.

8) g is said to be male-optimal (resp. female-optimal) if >,y wi(si(g)) > D icnwi(si(g')) (resp.

Yiew wi(5i(9)) = D e ui(si(g))) for all network g'.

The following straightforward proposition says that in a mating economy, egalitarian pairwise stable

networks have the maximal total value in the set of pairwise stable networks.

Proposition 1 : Let £ = (N = M UW, (u;)ien) be a mating economy and g an egalitarian pairwise stable

network. Then, Y .-y ui(5:(9)) > > .cn ui(si(g")) for all network g' € PS(E).

Jackson and Wolinsky (1996) and Dutta and Mutuswami (1997) remark that there exists a tension

between stability and strong efficiency. The following example illustrates a similar tension in fidelity networks.

Example 3 The economy has 4 men and 4 women. An agent i’s utility function is u;(s) = 10s —s(s—1)mwe;
where m = 0.5, and ¢; = 2 ifi € M and ¢; = 14 if i € W. It can be checked that s}, =1 and s}, = 3.
We will show that no pairwise stable network is strongly efficient. Given Proposition 1, it suffices to provide
an unstable network whose aggregate value is strictly greater than the aggregate value of any egalitarian
pairwise stable network. Any egalitarian pairwise stable network g in this economy has the aggregate value
Yien ui(si(g)) = 80. Figure 3-1 represents such a network. Now consider the unstable network g’ where

man my 1s matched with women wi and ws , man msy with woman wq, man ms with woman ws, and man
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my with woman wy (Figure 3-2). This network is unstable because ws has more than her optimal number of
partners which is 1. We have Y, -y ui(s:(g9')) = 82 >80 = 3,y ui(5i(9)), which completes our illustration.

Note however that one can find a utility profile implying no tension between strong efficiency and stability.
For instance, consider an economy with 4 men and 4 women. An agent i’s utility function is u;(s) =
s — s(s — 1)ywe; where m = 0.5, and ¢; = 2 if i € M and ¢; =2 if i € W. We have s}, = 1 and s}, = 5. It

can be easily shown that all egalitarian pairwise stable networks are strongly efficient.
We are now ready to state our main result on the relationship between efficiency and stability.

Theorem 2 Let £ = (N =M UW, (u;)ien) be a mating economy.
1) If IM| < s, then the unique pairwise stable network that exists is Pareto-efficient, strongly efficient,
male-optimal and female-optimal.
2) If IM| > s%, a Pareto-efficient pairwise stable network always exists, but a strongly efficient pairwise
stable network may not exist. In addition:
(i) A pairwise stable network g is Pareto-efficient if and only if V(m,w) € g, 0 < s, < s, and s,y = s5,.
(ii) No pairwise stable network is male-optimal.

(iii) Any pairwise stable network that is Pareto-efficient is female-optimal, and vice-versa.

Proof. 1) If |[M| < s, the only pairwise stable network that exists in the economy is the one in which
each man is matched with all women. This network is Pareto-efficient because each agent being at the
upward sloping part of his/her utility function has the maximal number of partners he/she can have; thus
this network cannot be improved upon. It follows from the same argument that the aggregate value of this
network is maximal overall and on each side of the economy. This network is therefore strongly efficient,
male-optimal and female-optimal.

2) If |[M| > sZ,, a Pareto-efficient pairwise stable network always exists because any egalitarian pairwise
stable network for instance is Pareto-efficient; but Example 3 shows that a strongly efficient pairwise stable
network may not exist.

2-i) Let us now prove 2-i). Let g be a pairwise stable network. Assume that g is Pareto-efficient. Then,
it follows from Lemma 1 that Y(m,w) € g, 0 < s,, < s, and 0 < s, < s%. It remains to show that
Yw € W, s, = si,. Assume by contradiction that there exists a woman w; such that s,, < s;. This
implies that the set A = {w € W : s, < s%} is not empty. Thus by Theorem 1, V(my, ma,w;,ws) €

m glw) x (M \ ﬂ glw)) x Ax (W\ A), s —2 < sy <85, Smy =85, 1 <5, <85 —1, and s, = 8.
weA weA
It is also the case that there exists a man m; € m g(w) such that s,,, < s},. There also exists a man
weA
my € (M \ m g(w)) who is not matched with w; and who is matched with a woman ws € W\ A not
weA
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matched with m;. Delete the link (ms, ws), and add the links (mg, wy), (mq,ws), resulting in a new network
g'. Note that ¢’ is pairwise stable. In this new network, m; and w; have strictly improved relative to the
network g, and no one’s utility has decreased. It therefore follows that g is Pareto-dominated by ¢’, which

is a contradiction. Thus, Vw € W, s, = s,.

*

v, and show that ¢ is Pareto-efficient.

Conversely, assume that V(m,w) € g, 0 < s, < s} and s, = s
Assume by contradiction that it is not. Therefore, it is Pareto-dominated by another network g¢’, which
implies that for all agent ¢, u;(s;(g)) < u;(si(¢")), and u;(s;(g)) < u;(s;(g")) for some agent j. Note that
each woman is necessarily at her peak in both g and ¢’, which implies that j is a man. Given that g is
pairwise stable, s;(g) < s},. Therefore, u;(s;(g)) < u;j(s;(¢’)) implies that s;(g) < s;(¢’). Since no man
becomes worse off in ¢’ relative to g, the number of links coming from the men side (or from the women side)
is strictly greater in ¢’ than in g (that is, |¢’| > |g|); this is impossible because |¢'| = |g| = s5,|W|. Thus, g
is Pareto-efficient.

2-ii) A network is male-optimal if and only if each man is at his peak. In no pairwise stable network is
this possible.

2-iii) A pairwise stable network that is Pareto-efficient is female-optimal because each woman is at her
peak in such a network, and thus its aggregate value for women is maximal. Conversely, in any pairwise

stable network whose aggregate value for women is maximal, each woman is at her peak, and thus it follows

from part 2-i) that such a network is always Pareto-efficient. ®

*
w?

A few comments on this result are necessary. When n < 2s* . we find that the unique pairwise stable

network that exists in the economy is male-optimal and female-optimal. This is uniquely attributed to the fact

*

v, all pairwise

each agent obtains the maximum possible number of partners in this network. When n > 2s
stable networks are female-optimal, except those in which a few women are matched to fewer than their
optimal number of partners. No pairwise stable network is however male-optimal. In fact, male-optimality
to be achieved requires that each man obtain his optimal number of partners, which would imply that the
number of links coming from the women side strictly exceed the number of links they can optimally supply,
something that is impossible in equilibrium. One therefore notes a tension between male-optimality and

network stability, the latter notion implying female-optimality in general. There exists an equivalent tension

between female-optimality and male-optimality, the unique underlying factor being female discrimination.

5 Communication Potential of a Network

In this section, we define the communication or contagion potential of a network, and subsequently use it to

provide a complete characterization of mating economies in which women hold a greater share of information
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than men. If information is the AIDS virus for instance, our results can be used to identify mating markets
in which HIV/AIDS is at least as prevalent among women as among men.

Let g be a network. Assume that an agent ¢ € N is drawn at random to receive a piece of information ~y
that he/she communicates to his/her partners in ¢(), who in turn communicate it to their other partners,
and so on. Information is thus supposed to travel the network via neighbors’ contagion or word-of-mouth.
If 7 is not matched with any agent, the information does not spread. Suppose that with equal probability,
ﬁ, each agent receives the information.?! We define the communication or contagion potential of g as the
expected proportion of agents who will receive the information following its diffusion in the network. We
also define gender difference in communication potential or in information concentration as the difference
in the expected proportion of men and women who will receive the information. To formalize these notions,
we need a few additional definitions.

Let ¢ € N be an agent such that g(i) = (). We say that ¢ is isolated in the network g. We abuse
language and call {i} an isolated component of g, thus consisting only of one agent. We denote by Z(g) and
J (g) respectively the set of isolated and non-isolated components of g. Clearly, the set of components of g
Clg) =Z(g) L I(9)-

Assume that g is a k-component network, and let C(g) = {g1,..., gk} be the set of its components. Pose
I, = {1,...,k}. To simplify notation, we write N(g;) = N;, M(g;) = M;, W(g;) = W;, and |N;| = n;,
|M;| = my;, and |W;| = w; for i € I,. We associate each component g; with the number n; and its bipartite
component vector (m;,w;), and g with the vector [(n;)];er, and its bipartite vector [(m;,w;)]icr,. Also, if
g; is an isolated component, its associated vector is either (1,0) or (0,1).

Denote by p(z,~) the status of an agent z with respect to the information v. We pose p(z,~v) = 1 if 2 has
received the information and 0 if he/she has not. For any set B = N, M, W, let Pr(y|B) = ‘{ZGB:T(%
be the proportion of agents who have received the information in the population B. We provide below a
formula for the expected value of Pr(y|N) and Pr(y|M) — Pr(y|W), denoted respectively E[Pr(y|N)] and
E[Pr(v|M) — Pr(v|W)]. We have the following result.

Claim 1: 1) E[Pr(y|N)] = % Yier, M-

9) E[Pr(y|M) — Pr(y|W)] = 2 3.y, (m? — ).
Proof. Assume that an agent z € N = M U W is drawn at random to receive the piece of information ~.

1) Let Pr(y|N, p(z,v) = 1) be the proportion of agents who will receive the information given that z has
received it. If z belongs to component g;, it is obvious that the information will spread only to agents in
that component. Thus, Pr(y|N, p(z,7) = 1) = . Given that each agent is drawn with equal probability,

we have:

31This could be an instance of becoming infected with the AIDS virus due to a random event.
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EPr(yIN)] = ¥ .en(Pr(vIN, p(z,7) = 1)
= e NI UL N,

¥ ien, dosen; o

= %Zie]k i

_ 1 2
= P Zielk ng.

2) Still assuming that z belongs to component g;, m; men and w; women will receive the information.

Thus, the gender difference in the concentration of information is Pr(y|M, p(z,v) = 1) — Pr(~|W, p(z,v) =

1) = T T = 2 (m; — w;) because |[M| = |W| = %. This implies that the expected value of Pr(y|M) —
Pr(y|W) is
E[Pr(y|M) =Pr(y|W)] = 53 cn(Pr(y[M, p(z,7) = 1) = Pr(y|W. p(z,7) = 1))

- % 2en %(ml — w;)

- % ZzeNlu...uNk (m; — w;)
- = dier, 2ozen; (Mi — w;)
- % Zielk ni(m; — w;)

= 7%2 Zie[k (m; + w;)(m; — w;)
- % i€l (mf —w}).
This completes the proof. m
Note that the proof of part 1) of Claim 1 does not use the fact that the network is a bipartite graph.

This proof is therefore valid for any network.

Claim 1 provides the foundation for the following definition.

Definition 2 Let g be a k-component network with the corresponding component vector [(n;))icr, -

(1) The communication or contagion potential of g is defined as

Plg) = 5 Sont

i€ly,

(2) If g is a bipartite graph with the corresponding component vector [(m;,w;)]icr,, the gender difference in

the communication potential in g is defined as

Flg) = 5 S (m? —w?).

i€y,

We will say that a mating economy is female-information-biased if for any equilibrium network g of
that economy, F(g) < 0 (that is, in a female-information-biased mating economy, women concentrate more
information than men in any equilibrium network). Similarly, a mating economy will be said to be male-

information-biased if for any equilibrium network g of that economy, F(g) > 0. An economy that is female-
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information-biased and male-information-biased will be said to be gender-information-neutral.

Now, let us illustrate Definition 2 through the following example.

Example 4 Consider a population that consists of 10 men and 10 women. Consider the networks g and h
represented by Figure 4-1 and Figure 4-2, respectively. Their respective component vectors are [(19); (1)] and
[(13); (6); (1)], and their respective bipartite component vectors are [(9,10);(1,0)] and [(7,6);(2,4); (1,0)].

One can easily check that the communication potential of these networks is P(g) = 352 and P(h) = 238.

Similarly, the gender difference in their communication potential is F(g) = —4s and F(h) = 555. One

notes that g has a greater communication potential than h. This means that if information is the AIDS virus
for instance, the expected prevalence of HIV/AIDS will be higher in the former as compared to the latter
network.

Two remarks are in order. First, we note that g and h have the same degree distribution, as the number
of partners that each agent has does not change across the two networks. But these networks differ in their
structure (here captured by their component vectors), which explains all the difference in their communication
potential. This highlights the role of network structure in the diffusion of information. To further illustrate
this point, consider the network k represented by Figure 4-3. Its component vector and bipartite component
vector are respectively [(13);(6); (1)] and [(7,6);(2,4); (1,0)]. It therefore has the same structure as h, which
implies that P(k) = % and F(k) = 43—0. But despite having the same structure and communication
potential, the two networks differ in their degree distribution, which again shows that network structure plays
a significant and independent role in the diffusion of information.

Second, we note that g and h differ in terms of which gender is more likely to hold a greater share of
information. Women concentrate more information in the first network, while men do in the second net-

work. This again highlights the independent role of network structure in gender difference in communication

potential.

5.1 Female-information-biased Mating Economies

In this section, our goal is to characterize female-information-biased mating economies. To illustrate,
following Example 4, consider an economy of 10 men and 10 women, and assume that agents’ utility functions
are such that s}, = 2 and s}, = 4. Then networks ¢g and h given in Example 4 are two pairwise stable networks
of that economy, while network £ is not. We have shown that women concentrate more information than
men in g, while men do in h. This means that this economy is not female-information-biased.

For our purpose, we need a few preliminary results. Let g be a pairwise stable network, g’ a non-isolated

component of g, and A = {w € W : s, < s%,} the set of women who are matched to fewer than their optimal
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number of partners. The following lemma gives a formula for the number of women involved in ¢’, and
provides a lower bound and an upper bound for the number of men in this component under the assumption

that A is empty.

Lemma 5 Let g be a pairwise stable network such that A = ¢, and g’ € J(g) a non-isolated component of

g. Then:

’

1) [W(g)| =2l

-
S”UJ

2) max([ 21| 1) < |M(g)| < lg'| - 2L+ 1.

-
S m

Proof. Let g be a pairwise stable network such that A = ¢, and ¢’ € J(g) a non-isolated component of g.
']

1) We want to show that [W(g')| = L.

*
Sw

Given that each woman w € W (¢') has s}, partners, the

lg’|
sk

2) We now want to show that max([‘gllw i) < IM(g)] < || — ‘sg—*/l + 1. In the subgraph ¢', |M(g')|

*
Sm

cardinality of the subgraph ¢ is obviously |¢'| = s%,|W (¢')|, which implies |W (¢’)| =

men are involved in |¢'| relationships; and given that each man is matched to a maximum of s*, partners,

these |¢’| relationships can only be shared by a minimum of [M—‘ men, implying [i—‘ < |M(g")|. Also,

*
S Sm

given that each woman w € W (g') should be linked to exactly s¥ partners, it follows that s¥ < |[M(g)|.

But [121] < M (g)] and s, < [M(g)] imply max([L] ,51) < [M(g).

The second inequality |M(¢')| < |g'| — L%I + 1 comes from the fact that |¢'| — % + 1 is the largest
number of men that is required for all vertices of the subgraph ¢’ to remain directly or indirectly connected.
In fact, let M(g’) = {p1,...,P|am(g)} be the set of men, and W(g') = {q1, ..., qw (g} be the set of women.
We want to construct the component ¢’ so that |M(g’)| is the largest possible. Construct ¢’ by linking
w; t0 {P(i—1)sz —it2s -+ Pisz,—it1} for each i € {1,...,|[W(g')|}. Since the function is}, —i + 1 is increasing
in ¢, it reaches its maximum at ¢ = |W(g¢')|, implying that |W(g")|s%, — [W(g’)| + 1 is the largest possible
value of |M(g")|; and given that |W(g')| = LgT;l’ this value is equal to |¢'| — % + 1. Tt is easy to see that
each ¢; is matched to exactly s} partners and all elements of M(g') and W(g’) are directly or indirectly
linked; in fact, p; is linked to g1, pyw (g7)|sx — W (/)| +1 18 linked to w4y, and each p; such that there exists
i€42,...,|W(¢')| — 1} such that j = is¥ — i+ 1 is linked to ¢; and g;+1, and each p; such that there exists
i€{1,...,|W(g')| — 1} such that (: — 1)s} —i+2 < j <isi —i+1islinked to g;. m

The following lemma will be needed too. It states that if each non-isolated component of a bipartite (not
necessarily pairwise) network g is such that the number of women weakly exceeds the number of men, then

women will hold a greater share of information than men in that network.

Lemma 6 Let g be a network.

IfYg' € J(g), |IM(g")| < |W(g')|, then F(g) < 0.
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Proof. Let g be a k-component network with the corresponding bipartite component vector [(m;, w;)]ier, -
Assume that Vg’ € J(g), |M(¢")| < |[W(g¢')|, and let us show that F(g) < 0. Assume that there are
£ non-isolated components, [ isolated components of men, and k — ¢ — [ isolated components of women.
Without loss of generality, assume that the first £ components of the vector [(m;,w;)];cr, represent the
non-isolated components of g, the [ next components represent the isolated components of men, and the
remaining components represent the isolated components of women. There are therefore I components (1,0)
and k — ¢ — [ components (0,1). Remark that each non-isolated component vector (m;,w;) is such that
m; +w; = n; > 2 since it contains at least one man and one woman. Also, we have Zielk m; = Zieh m; +1
and Y, c; wi = Y cp wi + (b — £ —1), which, given the fact that » ., m; = >, w;, implies that
Zieh(mi —w;) =k — ¢ —2l. Because m; < w; for each i € I, it thus follows that Zige(mi —w;) =
k— ¢ — 2l < 0. We have the following results:
Flg) = 7%2 Zielk (m3 —wy)
= %{Zielg (m? —w?) + ZZ+1§i§Z+l(m12 —w}) + Zl+l+1§i§k(m% —w?)}
e {0 ier, (ms = wi)(mi + wi) + 3 cicoa (17 = 0) + X4 <44 (02 = 17}
%{Zieh(mi —win;+1—(k—0-10}

< 222, (mi — wi) — k+ £+ 21}
= Z{2(k—0—21) — k+(+ 20}
= Z(k—t—20)

< 0

Note that the last inequality is strict if at least one man is isolated. =
One theoretical interest of the result just shown lies in the fact that the assumption is made only on the
non-isolated components of a bipartite graph, but the implication is derived for the entire graph.

The following result provides a complete characterization of female-information-biased mating economies.

Lemma 7 Let £ = (N =MUW,s,,sk) be a mating economy. Assertions (1) and (2) are equivalent.
1)Vg € PS(E), F(g) < 0.

2) sk =1o0rn<d4si +2.

Proof. Let £ = (N = M UW, s, sk) be a mating economy.

(2) = (1): a) Assume that s! = 1 and show that Vg € PS(E), F(g) < 0. Let g € PS(€) be a pairwise
stable network and ¢’ € J(g) a non-isolated component of g. It is straightforward from Lemma 5 that
|M(g")| = 1. Given that [W(g’)| > 1, it follows that |M(¢’)| < |W(¢’)|. Thus, each non-isolated component

of g is such that the number of women weakly exceeds the number of men. It therefore follows from Lemma

6 that F(g) < 0.
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b) Assume that n < 4s¥ + 2 and show that Vg € PS(E), F(g) < 0. Let g € PS(E) be a pairwise
stable network and A be the set of women who have less than their optimal number of partners. We shall
distinguish two cases: A = ¢ and A # ¢.

b—1) Assume that A = ¢.

- First assume that n < 4s?,. For any g € PS(E), let us show that there is only one non-isolated component
g € J(g). Assume by contradiction that there are two such components g; and go. Then by Lemma 5,
sk <my and s}, < mq (remember that m; and mq are respectively the number of men in g; and g3), which
implies that |M| > mq + mg > 25}, and n = 2|M| > 4s},, thus contradicting our assumption. So there is

only one non-isolated component ¢’ € J(g); since [W(g')| = |W| and [%;/I—‘ < |M(g)| < |M| =|W|, it
follows that |M(g')| < |W(g")|, which by Lemma 6, implies that for any g € PS(E), F(g) < 0.

- Now assume that n = 4s}. This implies that |M| = |W| = 2s},. There exist at most two non-isolated
components. If there is only one such component, then the proof follows as for the case where |W/| < 2s¥ .

Now, suppose that there are two non-isolated components g1, g2 € J(g); by Lemma 5, m; = my = si,. We

thus have the following:

Flg) = % ZiElz (mlz - w?)
= (2557 — wi —w3)

Z (28 —wi — (2s], —w1)?)

Z{— 2s5, —w1)?}
< 0
- Assume that n = 4s + 2. This implies that |M| = |W| = 2s, + 1. There are at most two non-

isolated components. If there is only one such component, then the proof is similar to that of the case

where |W| < 2s%. Suppose that there are two non-isolated components ¢1,92 € J(g); then by Lemma 5,

*
w

the number of men is s}, in one component and s, + 1 in the other component. Without loss of generality,

assume that m; = s}, and my = s}, + 1. We thus have the following:

Flg) = Y ien,(mi —w?)
Z(st2 4 (sh, + 1) —wi — (285, +1—wy)?)
= Z{—2(s, —w1) (s, — w1 — 1)}

< 0

Note that the last inequality comes from the fact that the expression —2(s%, —w1)(s}, —wy —1) is strictly

positive if and only if wy € (s¥, — 1, s%), which is impossible because s and w; are integers.
b — 2) Assume that A # ¢. This implies that no man is isolated, and there are at most two non-isolated
components. If there is only one non-isolated component, then, it is straightforward that all men and women

in the economy belong to that component, which implies that F(g) = % >, (mf — w}) = 0.

If there are two non-isolated components g1, g2 € J(g), it should be the case that one of them, say ¢1,
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is such that W(g;) = A. Therefore, all men involved in g; are in the set M(g1) = g(A) = ﬂ g(w). From

weEA
Lemma 4, we know that g; has at most s¥, — 1 men and s}, — 2 women, leaving g, with at least |M|—sf +1

men and |W| — s¥ + 2 women. Also, because each man involved in g2 has s}, women (if not, all men in

*

. » which also

g2 will have an incentive to form a link with women in g¢;), it follows that |W| — s +2 > s
implies that |M| — sk +1 > sf, — 1 > s — 1. It results from all these assertations that m; < mg and
wy < ws, which implies that nqy = m1 + wy < mgy + we = ny. Also note that because no man is isolated,
my —wy = —(mg — wa) > 0. We therefore have the following;:
Flg) = % EiEIg (m? —w?)
= n%{(ml —wy)ny + (Ma — wa)nz
= Z(m1 —w1)(n1 — ng)

< 0
This concludes the proof of (2) = (1).

(1) = (2): Assume that for any g € PS(E), F(g) < 0. We want to show that s¥, =1 or n < 4s¥ + 2.
¢) Assume that s} > 1 and show that n < 4s}, +2. Assume by contradiction that n > 4s} +2. Construct
a pairwise stable network g € PS(E) with two non-isolated components g1 and go such that m; = s,
me = |M|— sk, wy = s}, + 1, and we = |W| — s —1 = |M| — s}, — 1. Remark that this network satisfies
the bounds conditions of Lemma 5 because s}, > 1. We want to show that F(g) > 0. We have:
Flg) = n% ZieIz (mz2 - wf)
= E (R (17 — (M) = s3)2 = (M- 53, — 1?)
= —4sk +2|M| -2
= —4s7, +—-2+n

> 0
F(g) > 0 is a contradiction of our assumption, so we conclude that n < 4s% + 2.

d) Assume that n > 4s¥ + 2 and show that s, = 1. Assume by contradiction that s& > 1. Then
any pairwise stable network g € PS(E) with two non-isolated components g; and go such that m; = s,
me = |M| — sk, w; = sk +1,and wy = |W|— sk —1=|M|— s} —1is such that F(g) > 0. The proof is
exactly as in part ¢). This completes the proof. m

We are now ready to state our main result for this section. It says that a non necessarily trivial mating

economy is female-information-biased if and only if that economy is segmented such that in each segment,
there are no more than 4s + 2 men and women whenever the optimal number of partners for each woman

is greater than 1.

Theorem 3 Let £ be a (non necessarily trivial) mating economy. Assertions (1) and (2) are equivalent.

1)Yg € PS(E), F(g) < 0.
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2) € is a segmented mating economy (€' = (N, %, s%)),c;,. such that ¥t € I, st =1 or n® < 4sty +2.

Y mo “w w

Proof. Let £ be a (non necessarily trivial) mating economy.

(2) = (1): Assume that & is a mating segmented economy (£' = (N, s, 8t ))eer, such that Vt € Iz,
st* = 1 or n' < 4s!* + 2. Let us show that any network g € PS(€) is such that F(g) < 0. Call ¢
the sub-network (or sub-graph) of g that forms in the segment £ of the economy. It can be shown that
F(g) = & Yicrn ”th]:(gt) where n' = |N*|. Tt also follows from the assumption that V¢ € Iy, st =1 or
n' < 4sly +2 that Vt € I, F(g') <0 (Lemma 7). Thus F(g) = 7% ;e "—:f(gt) <0.

(1) = (2): Assume that Vg € PS(E), F(g) < 0. Let us show that £ is a segmented mating economy
(&' = (N*,s1m,80))ser, such that Vt € Ir, sty = 1 or n® < 4sly 4+ 2. Assume by contradiction that there
exists a segment £ such that s!9* > 1 and n'o > 4s!0* 4+ 2. Then following Lemma 7, we can construct a
pairwise stable network g© € PS(E%) such that F(g*) > 0. Construct such a g'°. For any other segment
Et £ £ construct an egalitarian pairwise stable network g¢ (this is always possible and is easy); we thus

have F(g') = 0. Call the resulting network g. It is clear that g is a pairwise stable network of the economy

£. In addition, we have F(g) = 7% Y e/, "Tt?]:(gt) = %";sz(gt") > 0, which is a contradiction. m

This result completely characterizes female-information-biased (non necessarily trivial) mating economies.
Such economies are segmented such that in any segment, women optimally have only one partner, or the
number of agents does not exceed 4s¥ + 2.2 Note that all segments need not have the same characteristics.
For instance, if an economy has two segments, the optimal number of partners for each woman could be 1 in
one segment and 3 in the other. In this case, for women to always concentrate at least as much information
as men in any network likely to form in the economy would require that there be at most 14 individuals in
the second segment, and any number of individuals in the first one. One therefore sees that segments may
have completely different characteristics.

The following example illustrates a sexual market in which segmentation (due to an exogenous factor)

increases the vulnerability of women to HIV/AIDS.

Example 5 Consider a sexual market of 10 men and 10 women, and assume that agents’ utility func-
tions are such that s), = 2 and s;, = 4. The network g , associated with the bipartite component vector
[(7,6);(2,4); (1,0)], and represented by Figure 5-1 is a pairwise stable network in this economy.

Now, assume that the economy is segmented due to an exogenous factor, and two segments, each consisting
of 5 men and 5 women, are created. The first segment contains men my, —ms and women wi — ws, and the

second segment contains men mg — mig and women wg — wig- Cross-segment relationships are not possible.

32 A segment in which each woman can optimally have only one partner uniquely corresponds to a mating economy in which
the punishment to female infidelity is sufficiently severe, and a segment whose size may not exceed a certain threshold may be
likened to a niche-type market.
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The network h, associated with the bipartite component vector [(5,5);(2,1);(2,4), (1,0)], and represented by
Figure 5-2 is a pairwise stable network of this new economy. Note that the only difference between g and h
is that woman ws has severed her link with mg in g to form a new link with my in h (one can think of this
link severance as resulting from market segmentation).

The gender difference in the contagion potential of g and h is respectively F(g) = ﬁ and F(h) = —%.
Men concentrate more information in g while women do in h. Note that in general, women hold at least as
much information as men in any network that is likely to form in the segmented economy, because in each
segment t of this economy, we have nt < 4st* +2 (in fact, nt = 4st* +2 =10) (see Theorem 3). Therefore,

if information is the AIDS wvirus, then, market segmentation causes women to bear a greater share of the

HIV/AIDS burden than men.

The second economy of Example 5 shows how in a sexual market, discrimination and segmentation
may combine to produce networks that do not favor women when it comes to HIV/AIDS or other sexually
transmitted diseases. However in a sufficiently large and homogeneous population where segmentation is
unlikely as in the first economy of the same example, women do not necessarily bear a greater share of the
HIV/AIDS burden than men, despite the presence of female discrimination.

The following example shows the relationship between the level of market segmentation and the maximal
market size that guarantees that women concentrate at least as much information as men in any network

that arises in the economy.

Example 6 Assume that in a mating economy, individuals choose their partners based on a set of e criteria
{21, ...,2.}.%* Fach criterium x; is a categorical variable with y; categories.®* So, there are z = ngige Yi
segments in the economy. Assume that in each segment t € I, the optimal number of partners for each
woman is st > 1. Following Theorem 3, the mazimal market size that guarantees that women concentrate
at least as much information as men in any network that arises in the economy is™w =, (4st* +2). This
latter equation shows the relationship between this mazimal market size and the level of market segmentation.

To further illustrate this relationship, assume in particular that each of the e criteria for partners selection
has y = 5 categories, and that in each segment of the economy, the optimal number of partners for each
woman is sy, = 2. Then it is clear that the maximal market size that guarantees that the economy is female-
information-biased is T = y°(4sk, + 2) = 10 * 5°. Figure 6 shows how T varies as a function of e. We note

for instance that if e = 1, then m = 50, and if e = 10, then 7w = 97,656, 250.

33In a sexual market for instance, these criteria would generally include socioeconomic and biological considerations such as
income, education, occupation, religion, family background, biological distance, age, height, etc.
34Religion for instance would have christianity, judaism, islam, induism, buddhism, etc. as categories.
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6 Two Extensions of the Fidelity Model

In this section, we extend the fidelity model to two natural classes of economies. The first extension is to
mating economies of female-to-male subjugation, and the second is to mating economies of class societies.
A mating economy of female-to-male subjugation is a mating economy in which within each couple, the
woman is subjugated to the man in the sense that she is always available to him when he needs her. A
mating economy of class societies is a mating economy in which agents on each side of the market are ranked
according to their social class, and higher ranked agents on each side are more preferred as partners by

opposite type agents.

6.1 Economies of Female-to-Male Subjugation

Discrimination takes several forms. The type of discrimination uncovered so far postulates only gender
asymmetry in the punishment of infidelity. In this section, we additionally assume female-to-male subjugation
in the sense that within each couple, the woman is always available to the man whenever he needs her. This
assumption, that we denote (S), translates into gender differential time investment in a relationship as
follows: Assuming that each agent is endowed with one unit of time that he/she splits equally among his/her
partners, (S) is equivalent to saying that within each couple, the woman invests at least as much time as
the man. More formally, let (m,w) be a pair of a man and a woman on a relationship, and s,, and s,, their

respective number of partners. The assumption that w is subjugated to m is expressed as :

S): L>-1L

Sw T Sm

where si is the amount of time that each agent ¢ € {m,w} invests in each of his/her relationships.

We define a mating economy of female-to-male subjugation as a mating economy subject to the constraint
of female-to-male subjugation S. It is formalized by the 4-tuple £5 = (N = M U W, s%,, 5%, (S)).

The following result provides a complete characterization of pairwise stable networks in a mating econ-

omy of male-to-female subjugation. In addition, it shows that such economies are female-information-

biased.

Theorem 4 Let £5 = (N = M UW,s%,,s%,(S)) be an economy of female-to-male subjugation and g a
network. Assertions (1) and (2) are equivalent.
1) g is pairwise stable

2) (i) M| < sf, = V(m,w) € M xW, sp3, =5, =|M|

(i1) s, < |M| < s, = V(m,w) €g, sk <sm<|M| and s, = s,.
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(ii1) - st =1,2 and |[M| > s, = V(m,w) € g, 55, < spy, < 55, and s, = S5
() - s% >2 and |[M| > s, = A ={w e W : s, < s} such that:
-A=¢p=VY(m,w) €g, sk < sy < sk, and s, = s,
- A# ¢ = V(my,me, w1, ws2) € ﬂ g(w) x (M \ ﬂ g(w))x Ax (W\ A),

weA weA

JAl < 8y < 83 Sy = Spys 1< 8w, <AL and sy, = 83,

3) In addition, for any pairwise stable network g, F(g) < 0.

Proof. The proof of the equivalence of (1) and (2) follows from that of Theorem 1, the only difference being
that the constraint (S) is taken into account in the current proof. This constraint implies for instance that
if a woman is matched to her optimal number of partners s}, in a pairwise stable network g, each of her
sy, male partners in that network should be matched to at least s}, female partners. The proof is therefore
made easier by that of Theorem 1 and is left to the reader.

3) To prove that any pairwise stable network g is such that F(g) < 0, it suffices to show that each
non-isolated component of g has at least as many women as men. We can show this by noticing that in each
non-isolated component of g, no woman has more partners than her least connected male partner. The rest
then follows by invoking Lemma 6. m

We would like to comment on this result. First, notice that if the optimal number of partners for each
woman is 1, the constraint (S) is always satisfied. This implies that any mating economy of female-to-male
subjugation £5 = (N = M UW,s’,,s% = 1,(S)) admits the exact same set of equilibrium networks as
the corresponding economy without constraint &€ = (N = M U W, s%,,s% = 1). This set consists solely of
monogamous and polygynous networks in which each man is matched to no more than his optimal number
of partners. This shows that the constraint (S) is far from being restrictive, and can in fact be viewed
as a generalization of the normative principle that governs the formation of monogamous and polygynous
networks.

Second, we note that in a mating economy of female-to-male subjugation, women always concentrate
at least as much information as men in any network that arises. In a sufficiently large economy without
constraint, this is the case if and only if s¥ = 1 (Lemma 7). This again shows that the constraint (S) can
be viewed as an extension of the principle underlying the formation of female-biased networks.

Third, one might be tempted to view the set of pairwise stable networks of an economy of female-to-male

subjugation as a refinement of the set of pairwise stable networks of the corresponding economy without

constraint. But the following example shows that this is not generally the case.

Example 7 Consider a mating economy of 4 men and 4 women, and assume that agents’ utility functions

are such that s}, = 2 and s}, = 3. Consider the networks g and h, associated respectively with the bipartite

m
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component vectors [(2,1);(2,3)] and [(1,1);(1,0);(2,3)], and represented by Figure 7-1 and Figure 7-2. We
note that g is not pairwise stable if the economy is subject to the constraint (S) (because woman wy has
two partners my and ms, each of whom has only wy as partner, thus the constraint (S) is violated), but is
pairwise stable if the economy is not constrained. As for h, it is pairwise stable in the former economy, but
is not in the latter (because man mo and woman wy have an incentive to form a link). This shows that the
set of pairwise stable networks of an economy of female-to-male subjugation is not generally a refinement of

the set of pairwise stable networks of the corresponding economy without constraint.

6.2 Mating Economies of Class Societies

A mating economy of class societies or a class economy is a mating economy in which agents on each side
of the market are ranked according to their social class. These rankings are complete linear orders that also
determine preferences for partners in the sense that a higher ranked agent is more preferred as a partner by
opposite type agents.

*

More formally, a class economy is a 5-tuplet £~ = (N = M UW, s%,, %, =, =) where =, and >, are
complete linear orders on M and W, respectively; >,, also represents women’s preferences for men, and >,
represents men’s preferences for women.?® Each agent prefers to be rather matched than unmatched, and
the optimal of number of partners is fixed for all agents (s}, for men and s, for women of all ranks).

Intuitively, a mating economy of class societies is a mating market in which each agent falls into a certain
social class, which in turn determines his/her desirability as a partner: the higher in the social hierarchy,
the more desired by opposite type agents. A real-life example of such a market is the academic job market
where candidates in a certain field are ranked by potential employers according to the quality of their job
market papers, and employers are also ranked by candidates on the basis of the work environment they
offer.3® Another example is the marriage market where partners selection can be viewed as being guided by

one objective criterium which might aggregate a range of factors.

The following lemma will be needed in the proof of our main result.

Lemma 8 (Pongou 2008) Let g be a network such that Vg' € J(g), |M(¢")| > [W(¢')| = |[M(¢")| = s5,
and [M(g')| < [W(¢")| = [M(g')| = s3,- Then, F(g) <0.

Our main result for this section says that a mating economy of class societies admits a unique equilibrium

network, and is female-information-biased.

350n the second interpretation of >,,and >, note that >, for instance is not a ranking of the subsets of the set of men by
women as it is often the case in traditional matching problems; >, is a ranking of individual (or singleton) men by women.
For our purpose, we do not need a ranking of the subsets of the set of agents on each side of the market.

36For our purpose, we assume that these rankings are based on objective criteria, and thus, are the same for all agents.
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Theorem 5 Let £~ = (N = M UW, s}, sk, =m, =w) be a mating economy of class societies.
1) There exists a unique pairwise stable network g € PS(E™).
2) - If |IM| < s%,, then F(g) = 0.

- If |[M| > st,, then F(g) < 0.

Proof. 1) Let M = {iy,...,4a7/} and W = {ju, ..., jjw| } be the sets of men and women, respectively. Without
loss of generality, we assume that the label of each agent indicates his/her position in the social hierarchy
(that is, 41 is the highest ranked man, is the second highest ranked man, and so on). Let us distinguish three
cases: |M| < sk, sk <|M|<s}, and M| > sf,.

a) If |[M| < s%,, then the unique pairwise stable network is the one in which each woman is matched with
all men.

b) If s¥, < |M] < sZ,, the unique pairwise stable network is the one in which all women are matched with
the s}, most highly ranked men, and all other men are unmatched.

c) If |M| > s, write |[M| = |W| = ksi, +r = k'sf, + 1’ where k, r, ¥’ and ' are integers such that
0<r<sk and 0 <1 < s%. Partition all women into k + 1 sets W7y, .., Wiy such that for any £ € Ij,, W,
contains s;, individuals, the set W} contains r individuals, and all women in each set W, are more highly
ranked than all women in the set Wy, 1. Similarly, partition all men into k" + 1 sets M1, .., My, 1 such that
for any ¢ € I/, M, contains s* individuals, the set Wy, contains 7’ individuals, and all men in each set
My are more highly ranked than all men in the set Myy;. So Wi is the set of the s}, most highly ranked
women, Ws is the set of the next s, most highly ranked women, and so on. Similarly, M; is the set of the s,
most highly ranked men, Ms is the set of the next s}, most highly ranked men, and so on. It is easily shown
that the unique pairwise stable network in this economy is the network in which all women in each set Wy,
¢ € I, 1, are matched with all men in the corresponding set M,. This matching is feasible because k < &'
If r = 0, meaning that Wy is empty, then the remaining men in the sets Myy1, .., Mg 41 (if not empty) are
unmatched. If r # 0, meaning that Wi is not empty, then the remaining men in the sets Myio, .., Mi/11
(if not empty) are unmatched.

2) a) If |[M| < s%, given that each man is matched to all women, the unique pairwise stable network g
has only one component which contains all men and all women; so F(g) = D el (m? —w?) = Z(IM|? -
W2) = 0.

b) Assume that |M| > s¥. We shall distinguish two cases: s}, < |M| < s¥, and |M]| > s},.

b — 1) Suppose that s, < |M| < s¥,. The unique pairwise stable network g has only one non-isolated

component in which the number of men (s})) strictly exceeds the number of women (|M|), and |M|—s >0

men are isolated. It therefore follows from Lemma 6 that F(g) < 0.
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b—2) Suppose that |M| > s%,. Write |M| = |W| = ks, +r = k's}, + 1’ where k, r, ¥’ and r’ are integers
such that 0 <r < s* and 0 <7/ < s%.

- If r = 0, then the unique pairwise stable network g described in part 1-c) is such that the number of
women strictly exceeds the number of men in each non-isolated component. Resorting to Lemma 6, we have
F(g) <O0.

- If r £ 0, it is easy to check that k < k’. Let us distinguish two cases: k = k' and k < k'.

- Suppose that k¥ = k’. This necessarily implies that there is no isolated man in the unique pairwise
stable network described in part 1-c¢), and that r < r’ < s < s*. These inequalities in turn imply
st st —r' —r>0. Also, |M| = |W|=ks}, +r=FKs +r implies r' —r = k(s}, — si,). Note that there
are s;, women and s} men in each of the first k£ non-isolated components, and in the last component, we

have myy1 = r’ and wy.1 = r. It therefore follows that:

F(g)

% Zielk+1 (mf - wZQ)

= 2 k(s — 512) + (™2 = 12)}
= Z{k(sy, —sp)(sh +sp,) + (' =)0 + 1)}
= Z{k(st, — st)(s% + s5,) + (s, — s5)( + 1)}
= Z{k(shy — sp,) (5, + 85, — (7' + 1)}

= Z{k(sy, — s5) (8% + 530 — 1 = 1)}

< 0
- Suppose that k < k’. This means that at least one man is isolated in the unique pairwise stable network

g described in part 1-c), and that each of the first & non-isolated components of that network contains s,
men and s, women, and the last non-isolated component contains my4; = s, men and wiy1 = 7 women
(note that we cannot resort to Lemma 6 in this case because there might be instances in which r > s%). So

g is such that Vg' € J(g), [M(g')] > [W(¢')| = |M(¢')| = s7,, and [M(g")| < [W(g')| = [M(g')| = s7,. Tt

therefore follows from Lemma 8 that F(g) < 0. This completes our proof. m

In a sufficiently large population, the proof shows that the unique equilibrium network that arises presents
a pattern of matching in which in general, women match with more highly ranked men. This male-female
asymmetry in the rank of partners is especially present among lower class women as their male partners
are generally of higher rank. Highest ranked women match within their class and sometimes below. One
implication for the academic job market is that the best candidates are hired by the best schools.

When it comes to HIV/AIDS, our findings also shed new light on the relationship between economic
inequality and gender difference in the prevalence of HIV/AIDS and other sexually transmitted diseases.
According to Theorem 7, inequality does not favor women in sufficiently large markets. It is important to

stress that it is inequality, not poverty, that matters. In fact, if we assume that preferences for partners are
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determined by income only, in a generalized poverty context, we have a large and homogeneous population;
appealing to Theorem 3, we know that networks that arise in such a market are not necessarily unfavorable
to women, despite the presence of discrimination.

Let us further illustrate this result through the following example.

*

Example 8 Assume a mating economy of class societies E~ = (N = M U W, sk, 8%, =m, =w) such that
M = {it, i}, W= {1, diw s 01 =m G2 =m o = n) and 1 =w Jo = o o diw- If |M| =
|W| =11, s, = 7 and si, = 5, the unique pairwise stable network is the network g, associated with the
component vector [(5,7); (5,4); (1,0)], and represented in Figure 8-1. We have F(g) = —% <0.

If [ M| = |W| =11, s, =8 and s}, = 5, the unique pairwise stable network is the network h, associated
with the component vector [(5,8); (5,3); (1,0)], and represented in Figure 8-2. We have F(h) = —% < 0.

If IM| = |W| =8, s& =T and s, =5, the unique pairwise stable network is the network 1, associated
with the component vector [(5,7); (3,1)], and represented in Figure 8-3. We have F(l) = — 52 < 0.

If IM| = |W| =09, s =7 and s, = 5, the unique pairwise stable network is the network q, associated
with the component vector [(5,7); (4,2)], and represented in Figure 8-4. We have F(q) = —% <0.

Assuming that social class is determined by income, it is interesting to see that in all networks, despite
the fact that poor women match with richer men, the poorest women do mot match with the richest men in
general, unless the level of gender asymmetry in the optimal number of partners is sufficiently high. In this
respect, we note for instance that when s&, =7 and s, =5, woman js matches with men ig —i19 (see Figure
8-2), but when sk, = 8 and s, =5, woman jg now matches with men i1 — i5, who are of course richer than
men ig — i19 (see Figure 8-1). This shows that an increase in gender asymmetry increases the quality of the
matches of some of the poorest women (see Proposition 2 below).

We also note that on both sides of the market, the number of partners that each agent has weakly increases
with his/her social rank, more so for men than for women. While Figures 8-1 and 8-2 show that all women
have the same number of partners, Figures 8-8 and 8-4 illustrate that the women on the bottom have fewer
partners than those on the top. In all four figures, lower ranked men have fewer partners.

Figures 8-1, 8-2, 8-8 and 8-4 also allow us to appreciate some of the difficulties inherent in the general
proof of the sign of the function F(.) in Theorem 5. We note that in the four figures, there are more women
than men in the first component, but more men than women in the second component. It is not therefore

possible to appeal to Lemma 6 to figure out the sign of F(g), F(h) , F(I) or F(q).3" We however note that

the assumptions of Lemma 8 are satisfied in all these cases, which allows to answer the question.

37Tt is perhaps important to remind that Lemma 6 helps in the determination of the sign of F(.) only when the number of
women weakly execeeds the number of men in each non-isolated component of a network.
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We are now going to show that increasing female discrimination increases the quality of women’s matches
as well as the concentration of information among them. For this purpose, we need a few definitions.
Let £ = (N = M UW,s,, 8%, =m, =) be a mating economy of class societies. Let 2M (s%) be the set

of subsets of M with cardinality not exceeding s¥ . Define over 2 (s¥ ) the following binary relation denoted

Ry Let X, Y € 2M(s%) be two elements of 2M (s¥

w

). We say that X is better than Y, denoted X RpY,
if: (1) the cardinality of X is at least equal to that of Y, (2) any element of X that is not in Y is ranked
higher than all elements of Y \ X by =,,.>® Denote by Py; and I the strict component and the symmetric
component of Ry, respectively. If X Rj;Y, one can say that a woman who is matched to all men in X has
better matches than a woman who is match to all men in Y.

We are now ready to state our result.

Proposition 2 : Let £~ = (N = M UW, sk, s, =m, =w) and £~ = (N =M UW, sfé,si},»m,>w) be two
mating economies of class societies such that s;“,; > s¥. Let g and ¢’ be their respective unique equilibria.
Then:

1) If IM| < 8%, then Yw € W, 84 (9 ) ar Sw(g); in addition, F(g) = F(¢') =0

2) If M| > s%,, thenVw € W, s4,(¢" )R Sw(g), and Jwg € W such that S, (9" )P Sw,(9); in addition,

F(g') < Flg) <O0.

Proof. The proof is easy and left to the reader. m

6.2.1 Rank difference and rank-adjusted gender difference in information concentration

In this subsection, we study the relationship between an individual’s rank and his/her likelihood of concen-
trating information. We also study the difference in the likelihood of concentrating information between a
man and a woman of the same rank.

Let us state the problem more clearly. Consider two individuals ¢ and j on the same side of the market.
They have different ranks. If an agent z is drawn at random to receive a piece of information that spreads
to his/her direct and indirect neighbors in the unique pairwise stable network that exists in the economy, is
the higher ranked agent more likely to receive the information than the lower ranked agent?

Now assume that ¢ is a man and j is a woman, and both have the same rank. Is ¢ more likely to receive
the information than 57

On the first question, we find that on each side of the market, higher ranked individuals are more likely

to receive the information. On the second question, a woman is more likely to receive the information than

380ne can show that if X is better than Y, then any element of Y that is not in X is ranked lower than all elements of X \ Y’
by >m .
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a man of the same rank.
To state this result more formally, consider an agent 4, of rank v, and denote by p(i,) the probability
that 7, receives the information transmitted exogenously to a randomly selected agent in the unique pairwise

stable network that exists in a mating economy of class societies. We have the following proposition.

Proposition 3 : Let £~ = (N = M UW, s =m, —w) be a mating economy of class societies, and i,

19m> w7
and j, a man and a woman of rank v.
1) p(iy) and p(j,) weakly increase in v.
2) p(iv) _p(jv) S 0.

3) p(iy)— p(Ju) is non-monotonic in v in general.

Proof. Let &~ = (N = M UW,s* m, =) be a mating economy of class societies, and ¢, and j, a

< m? 'uj?

man and a woman of rank v. To prove 1), 2) and 3), first remark that in any network (pairwise stable or

not), for any individual 4, p(i) = "ff) where n(7) is the size of the component to which ¢ belongs in that

network, and n the size of the total popualtion. We shall now compute p(i,) and p(j,) as a function of v in
the unique pairwise stable network that arises in this economy. We recall that that network is described in
the proof of Theorem 5.

a) If |M| < s, then the unique pairwise stable network is the one in which each woman is matched to

all men. Therefore, p(i,) = p(j,) = W = 1, which implies (1) and (2).

b) If s, < |M| < s, the unique pairwise stable network is the one in which all women are matched with

w

the sy, most highly ranked men, and all other men are unmatched. Therefore:

v < sty = pliy) = W and p(5,) = e — p(i,) — p(5,) = 0.
v > st = p(iy) = L and p(j,) = % — p(i,) — p(j,) = T <,

We note that: (1) p(i,) and p(j,) weakly increase in v; (2) p(iy) — p(J») < 0 for any v; and (3) p(i,)—

p(j,) weakly increases in v.

c) If | M| > sk, write [M| = |W| = ks}, +r such that 0 < r < s},. Pose kmax = P:;‘-‘ s¥. Note that
kmax is the rank below which all men are isolated in the unique pairwise stable network described in the
proof of Theorem 5. We shall distinguish two cases: » = 0 and 7 # 0.

¢—1) r = 0. In the unique pairwise stable network described in the proof of Theorem 5, j, belongs to

a component in which there are s}, women and s}, men, but this is true for ¢, only if v < kpax. Therefore,

we have the following:

-0 < kpax = p(iy) = % and p(j,) = % — p(iv) — p(jo) = 0.
- 0> ki = p(iv) = §; and p(j) = 22w = p(iy) = p(ju) = =m=w <0,
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We note that: (1) p(i,) and p(j,) weakly increase in v; (2) p(iy) — p(J») < 0 for any v; and (3) p(4,)—
p(j,) weakly increases in v.

c¢—2) r # 0. In the unique pairwise stable network described in the proof of Theorem 5, j, belongs to the
component in which there are » women and s}, men if v > |W| — r, and to a component in which there are
s} women and s}, men if v < |W|—r; i, belongs to the component in which there are r women and s}, men
if kmax — Siy +1 < v < Kpax, to a component in which there are s}, women and s}, men if v < kpax — 55, + 1,
and is isolated if v > kpyax. It is easy to check that kyax — sk, + 1 < |W| —r. We shall distinguish two cases:
(1) kmax — 55y + 1 = |W|—r, and (2) kmax — 55, + 1 < |[W| — 1.

¢ —2 —1) Suppose that kpax — s, + 1 = |W| —r. We have the following:

-0 < K — 83+ 1= p(iy) = =% and p(j,) = =5 — p(i,) — p(ju) = 0.
-0 = K — 8}, + 1= plin) = TE% and p(j,) = 2 — p(i,) - p(j,) =

r+s*

- kmax — STU +1<v < kpax :P(Zv) =" and p(]v) = % :p(lv) _p( 'U) =0.

1—r—s

and p(j,) = T+Sw = p(iy) — p(Jn) = ——= < 0.

- kmax < v < |M| = p(iy) = £ =
We note that: (1) p(i,) and p(j,) weakly increase in v; (2) p(i,) — p(jv) < 0 for any v; and (3) p(iy)—
p(j») is non-monotonic in v.
¢ — 2 — 2) Suppose that kpax — s, + 1 < |[W]| —r. We shall distinguish three cases: |W| — 7 = kmax,
[W| —r < kmax and |W| — 7 > kpax. We have the following:

If |[W| = r = kmax, then:

-0 < Kmax — 83, + 1 = p(iy) = szsw and p(j,) = % = p(iv) — p(ju) = 0.
- kmax - STU +1 <v< kmax :>p(i1)) = % and p(jv) - SMTJFSW - p(lv) - (jv) = % <0.

- kmax <wv< |M| = p(ZU)

L and p(j,) = “ = pli,) — p(,) = 5 <0,

We note that: (1) p(i,) and p(j,) weakly increase in v; (2) p(iy) — p(j,) < 0 for any v; and (3) p(i,)—
p(j») weakly increases in v.

If W] —r < kmax, then:

-0 < gy — 85+ 1= p(i,) = +8’“ and p(j,) = 5= +S’” = P(Zv) —p(ju) = 0.

b — 80, + 1< 0 < W= = pliy) = T and p(i,) = =0 = p(ia) — (i) = 5 <0,
T and p(j,) = e = p(iy) — p(ju) =

- klnax <v S |M| - p(ZU) =1 and p(]v) = r+sw — p(Zv) _p(]u) f— 1-r— Sw < 0.

n

- W) —r <v < kpax = pliy) =

We note that: (1) p(i,) and p(j,) weakly increase in v; (2) p(i,) —p(j,) < 0 for any v; and (3) p(iy) —(js)
is non-monotonic in v.

If W] — 7 > Emax, then:

* * * *
sm+s s +s

- U < kmax — 85, + 1 = p(iy) = === and p(j,) = ~=~* = p(i,) — p(j») = 0.
- kmax — 85 + 1 < v < kpax = pliy) = thw and p(j,) = @ = p(iv) — p(ju) = —= < 0.
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- Fmax <0 < [W| =7 = p(iy) = L and p(j,) = =% = p(i,) — p(j,) = 5m"% <0,
1—r—sy
n

< 0.

W] =7 <o < [M| = p(iy) = £ and p(j,) = "5 = p(iy) — p(G) =
We note that: (1) p(i,) and p(j,) weakly increase in v; (2) p(i,) —p(j,) < 0 for any v; and (3) p(i,) —p(ju)
is non-monotonic in v. W
Apart from the theoretical interests of Proposition 2, the results also speak to the effects of economic
status on HIV/AIDS infection and other sexually transmitted diseases. In this respect, Proposition 2 tells
us that richer and more educated men and women are more likely to be infected with the AIDS virus, as a
result of their position in the existing sexual network. Also, a woman is more likely to be infected than a

man of the same economic status. However, gender difference in prevalence is a non-monotonic function of

social rank.

7 Conclusion

We have studied fidelity networks, which are networks that form in a mating economy of agents of two types
(say men and women), where each agent enjoys having direct relationships with opposite type agents, while
having multiple partners is considered an act of infidelity and is punished if detected by the cheated partner.
Women are more severely punished than men, which results in each woman desiring fewer partners than each

man. The characterization of pairwise stable or equilibrium networks is sensitive to the size of the economy.

*
w

In very small economies (n < 2s¥), there is a unique equilibrium network in which all men are matched
to all women. In small economies (2s), < n < 2s}), women obtain their optimal number of partners in
equilibrium, while each man is matched to anywhere from no woman to all women in the economy. Finally,
in large economies ( n > 2s},), each man obtains his optimal number of partners at most, and each woman
is matched exactly to her optimal number of partners, except possibly at most s — 2 women.?* When a
woman has fewer than her desired number of partners in equilibrium, this uniquely reflects an absence of
coordination in network formation. In a small or large economy, one notes that while a man can be isolated
in equilibrium, a woman always find a match. In fact, due to female discrimination in infidelity punishment,
women supply fewer links than the ones demanded by men, which leads to men competing for them.

The study of the relationship between stability and efficiency reveals a tension between stability and
strong efficiency when the economy is small or large, but stability agrees with Pareto-efficiency in general.
In fact, in small and large economies, all equilibrium networks are Pareto-efficient, except those in which a
woman has fewer than her optimal number of partners. In such economies, all Pareto-efficient equilibrium

networks are female-optimal, but none is male-optimal. This shows that the tension between stability

39This implies that if s}, = 1,2, no woman will have fewer than her optimal number of partners in equilibrium.
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and strong efficiency exists only for the men side of the market. It is also important to note that the
tension between female-optimality and male-optimality is uniquely rooted in female discrimination, which
paradoxically appears to be positive for women, but negative for men.*°

We have also introduced a novel and simple approach to analyzing the diffusion of information in a
network, and have subsequently used it to identify female-information-biased economies, which are mating
economies in which women concentrate more information than men in any equilibrium network. We have
found that female-information-biased economies are segmented such that in any segment, the population
size does not exceed a certain threshold whenever female discrimination is not sufficiently severe. Segmented
mating economies abound in real life, and generally correspond to economies in which the supply and demand
for partners obey to rules that partition the population into pairwise disjoint groups of agents.

We have extended the fidelity model to two natural classes of economies, namely the mating economies
of female-to-male subjugation, and the mating economies of class societies. The first class corresponds to
economies in which within each agreed relationship, the woman is subjugated to the man in the sense
that she is always available to him when he needs her. The constraint of female subjugation appears to
be a generalization of the normative principle that governs the formation of monogamous and polygynous
networks. We have found that these economies are female-information-biased.

Economies of class societies are those in which agents have distinct social ranks, and higher ranked agents
are more preferred as partners. Each such economy admits a unique equilibrium network, and is female-
information-biased. In these economies, the likelihood of concentrating information weakly increases with
social rank, and a woman is more likely to concentrate information than a man of the same rank. Also,
increasing female discrimination paradoxically increases the quality of women’s matches, and their share of
information.

Apart from the theoretical interests of the analysis conducted in this study, the findings may be used to
understand the structure of relationships in some real-life two-sided economies. For instance, the identifica-
tion of sexual markets that are prone to greater female vulnerability to HIV/AIDS is likely to inform policies
that seek to address this very crucial issue of gender equity. In this respect, we have learned about the role of
female discrimination, market segmentation and economic inequality in the greater vulnerability of women.
Also, the finding that the number of partners and the likelihood of concentrating information increase with
social rank provides the first theoretical backing to empirical studies showing that richer and more educated
men and women have more sexual partners and concentrate more HIV/AIDS than their poorer and less

educated counterparts. In so doing, we call into question the prevailing perception about the role of poverty

40Note that even when a network is female-suboptimal, female discrimination still ensures that no woman lacks a partner in
equilibrium.
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in the spread of the AIDS epidemic.

Finally, one may think of possible generalizations of the fidelity model. In the current model, agents
on both side of the market can be punished for infidelity. In some markets however, punishment may be
only one-sided. For instance, while one may think of a citizen of, say Cameroon, being disloyal to his/her
country when acquiring a foreign nationality, one may hardly think of Cameroon being unfaithful to its
current citizens when admitting new citizens. In this case, the requirement of fidelity lies only with citizens.
In such a market, agents on one side have a finite optimal number of partners, while agents on the other
side can have as many partners as possible. One can show that in relatively large such economies, agents on
the weak side of the market will have their optimal number of partners, while agents on the strong side will
have anywhere from no partner to all agents on the weak side in equilibrium. One notes here that despite
the absence of coordination in network formation, no agent on the weak side has fewer than his/her desired
number of partners, unlike in economies where punishment is two-sided.

A second generalization may distinguish between partners in terms of who has the right to punish the
cheater. In the current model, we assume that a cheater can be punished by any of his/her partners. One can
imagine a situation in which each matched agent has a principal partner who has the right to punish his/her
infidelity, while other partners are secondary and deprived of that right. In a sexual market for example,
a married man who visits prostitutes is likely to be punished by his wife only, that is, the prostitutes that
he visits may not punish him for his relationship with his wife. Allowing for such asymmetry will make it
possible for some agents (such as the prostitutes) to be aware of the fact that some of their potential partners
have other partners. This in turn might affect the incentive of the informed parties (that is, the prostitutes)
to engage in certain relationships, especially if they take into account the fact that their well-being may
as well be affected by the externalities generated by the other links of their potential partners. In such
a situation, one might endeavor to study the structure of networks that will form in such an asymmetric

environment, as well as their implications for the diffusion of information.
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Figure 6: Relationship between the number of segmentation criteria and the maximal size
of a female-information-biased economy
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