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Abstract

Bayesian inference is a process of eliminating parameter values that do not
explain the data and shifting posteriors towards values that work. There is no
notion in it of ‘discovery’. It seems natural to look for a generalization of the
Bayesian method that would allow the support of beliefs to increase over time.
I propose such a model here.

PRELIMINARY

1 Introduction

Learning and discovery appear to be two qualitatively different ways in which beliefs
change. By ‘learning’ we shall mean the usual form of statistical updating of beliefs
in light of evidence. By a ‘discovery’ we shall mean a change in beliefs such that the
posterior puts positive mass on something on which the prior had a zero mass. Bayes
learning is learning from experience alone. Such ‘experience learning’ leaves room for
‘insight” which brings about a new hypothesis never before conceived of.

Decision theory distinguishes events of which an agent is unaware from events
that he believes to have zero probability. Dekel, Lipman and Rusticchini (1998), Li
(2008), Galanis (2008) and Ozbay (2008, Sec. 4) discuss this point and a string of
related papers. Given the rules of probability or, rather, given the form of Bayes rule,
a growth of awareness cannot fit into Bayesian inference — a parameter value that is
not in the support of the prior cannot be in the support of the posterior. Sims (1971)
and Radner (2002) advocated certain rules of thumb about model revision which is
a concept close to the treatment of discovery here.
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R. Radner, J. Schlossberger, J. Stoye, H. Tretvoll and A. Tsyvinski for comments and the Kauffman
Foundation and the NSF for support.



Applied work also routinely deals with environments in which there discoveries
such as inventions; it typically assumes that agents form beliefs over payoffs, costs
or productivity. Models of technological improvement arising from research such as
Telser (1982), Muth (1986) and Kortum (1997) proceed in this way, as do research-
driven-growth models of Romer (1990) and Aghion and Howitt (1992). Empirical
work on patents on a firm’s stock price value by Pakes (1985) assumed that the firm
invents something; the content of that invention does not matter, only the amount by
which it lowers production costs and raises the firm’s value. In other studies summa-
rized by Griliches (2000), basic research is held as having a higher probability than
applied research of producing an outcome in the right tail of the payoff distribution.

All this relates to the issue of the “directedness” of discovery. Sims (1971) and
Radner (2002) offer non-Bayesian treatments of model revision, and under full aware-
ness Rothschild (1974), Jovanovic and Rob (1990) and Jovanovic and Nyarko (1996)
used information theory to study directed search.

The paper proposes a model of discovery by which is meant simply that the
support of beliefs increases over time, contrary to Bayesian inference. Examples
show that it sometimes yields results that seem quite standard, and sometimes not.
Bayes decisions arise a special case of the discovery model when A is fixed. The
(exogenously-timed) introduction of a new parameter value into the prior leads to a
re-evaluation of the evidence and a possibly a dramatic shift in beliefs. Young (02,
Sec. 8.3) studies how agents would periodically switch models whenever they fail a
statistical test. Kocherlakota (2007) has a related discussion. The model relates to
other learning algorithms modeled by Venezia (1985) and Auerswald et al. (2000)
and to a growth literature on paradigm shift in Bramoullé and Saint Paul (2007).

2 Two examples

This section presents two examples that illustrate why discovery has different implica-
tions for observables than Bayes learning under full awareness, but that also indicate
how the models can possibly be made equivalent, at least quantitatively.

2.1 Investments with Binomial outcomes

A gamble pays a dollar each time a coin comes up heads, and nothing if the coin
comes up tails. Let 6 be the probability of heads, and let # be zero, so that the coin
always comes up tails. Let y; € {0,1} be the gross payoff to the gamble, so that
yr = 0 is observed by the agents for all ¢. We shall ask how this evidence, tails for
ever, will affect the evolution of beliefs of two risk-neutral Bayesian agents, Agent 1
and Agent 2.

Agent 1—starts out believing dogmatically that the coin is fair, i.e., that § = 0.5.
At date T, the agent discovers that 6 could be zero. He never conceived of such a
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possibility before date 1" but, having discovered it, he considers it as likely a priori

as the possibility that 6 = 1/2. Absent any evidence, that is, he assigns equal

probabilities over the two events. Then his prior is 0.5 on # = 1/2 and 0.5 on 6 = 0.
With these new priors and the evidence that the coin came up tails 7" periods in

a row, his expected gross payoff, E (y,), falls suddenly from 0.5 for ¢t < T to ?lzt for

t>1T:

L fort<T

E(yt):{ ? fOI‘t>T,

142t

Agent 2—Now consider agent 2 who, from the outset, is aware of the possibility
that # = 0, who has a prior of p that § = 0 and 1 — p that § = 1/2. His posterior
belief over 6 = 0 is

0 o p2
pr=p)(3) p2+l-n

7 (0 =0t tails and no heads) =

Agent 2’s expected gross payoff is

1

E* (y) = 5 ll

p2t 1 1—yu
2

2t 1—p :§,u2t+1—,u

In Figure 1 we plot E* (y;) for six values of y = {1071,1072,...,107%} . We find that
even as 1 becomes quite small and the possibility of the coin being biased becomes
quite remote, the model cannot generate the sudden drop in expected values. The
drop takes place mostly over about 10 periods

Value of firm.—If the business was public and if the public had the same beliefs,
the market value of that business would experience a sudden crash in the first model,
and would take at least 10 periods to do so in the second. On the other hand if one is
interested in the behavior of the price of a stock of such a company and is willing to
tweak the model and assume that some periods produce a larger number of signals,
then a faster market crash is possible in the Bayesian model. For instance, if in
Figure 1 we take the right-most curve corresponding to p = 1079, , we could assume
that at ¢ = 17, the agent receives not one signal but ten. This would produce a rapid
crash of the stock price, but would interfere on observations at the frequency at which
trials actually took place. Calculating value, however, depends on expectations about
future discoveries and if discoveries depend on the act of gambling, then gambling
would have an option value. The firm’s value would, nevertheless, drop precipitously.

Actions.—Suppose that taking the gamble costs 25¢. This can be thought of as
the cost of investing in the project and the up-front costs of hiring the factors or
production. Then until date T', firm 1 would keep losing money and then after date
T investment would cease. For firm 2, investment would cease when E* drops below
0.25. If we choose p so that we fit actions, output and profits, clearly the Bayesian
model with full awareness is unable to match the stock-price drop.
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Figure 1: BAYESIAN LEARNING: BINOMIAL CASE
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2.2 Investments with Normal outcomes

We now present the same two risk-neutral investors with a sequence of normally-
distributed gambles which pay
Yy = ) + & (].)

for t = 0,1, ..., where e ~ N (0,0?). To correspond to the above case, suppose that
the true = 0. We again ask evidence generated by (1), tails for ever, will affect the
evolution of beliefs of two Bayesian agents, Agent 1 and Agent 2.

Agent 1.—The first agent again believes dogmatically that 6 = 0.5, and again at
date T he discovers that 6 could be zero, and assigns equal prior probabilities over

0 =0 and 6 = 0.5. Of course his posterior beliefs will suddenly change at this point.
t—1

Let 4, = %Zys In contrast to the Binomial case, conditional on the true 6, the
s=0

evidence, i, ~ N (O, %02) is a random variable. There must always be a positive drop

at the date T, but the size of the drop of Agent 1’s expectations of y; at date T is

then also a random variable, shifting from 0.5 to

Eyr) =+ !

_ _ 2
e D)
At the median, 3, = 0, and so the median post-discovery expected payoff is
1 1
21+ exp ()

Eniep (yT) =
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Figure 2: BAYESIAN LEARNING: NORMAL CASE
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Agent 2—From the outset this agent assigns probability y that # =0, and 1 — p
that 0 = 1/2. His date-t posterior expectation is

. 1 1
E (Z/t):— =

_ _ _ 2
21+17"6Xp{—% [yf—(yt—%) ]}

At the median, 3, = 0, and so the median post-discovery expected payoff is

1 1
B = — .
MED (yt) 21+ Tﬁ_u exp (#)

In Figure 2 we plot Efjgp, (y:) for o = 1, six values of t£; = {107,107%,...,107°} .

1 1
21+1_T“exp(§)

When o = 1, learning is very protracted and the full-awareness model cannot replicate
a sudden drop in expectations. But when ¢ is small, information accumulates rapidly,
because evidence accumulates at the rate and a combination of a small ; and small o
can indeed generate a precipitous drop in expectations. Of course we are not generally
free to choose o — it is determined by the properties of the y; sequence. On the other
hand, one could add a signal at date ¢ other than ¥, a signal not observed by the
analyst, and thereby allow the full-awareness Bayesian model to fit the data.

These two examples focus on a particular sample path that does not reinforce
the initial prior belief of Agent 1 so that the shifts in the posteriors can be large,
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especially if a lot of evidence has accumulated. This probably is the distinguishing
feature of any major discovery. In any event, we shall ask whether, more generally,
situations in which there is discovery can be modelled in the way in which the support
of beliefs does not grow. This boils down to the question of whether sudden shifts in
beliefs and expected payoffs are possible under Bayesian learning on sets the support
of which is fixed. We shall ask that the Bayesian mode reproduce the time paths
of payoffs (e.g., gambling profits), actions (e.g., decisions of whether to put up the
ante and gamble again) and value (the present value of profits). The next section
formulates and addresses this question more generally.

2.3 Experience learning

Time is discrete. In each period t the decision-maker chooses an action z; € X. At the
end of the period t he observes y; € Y and receives a reward U (zy, ;) . The random
variable 1; has density

y~fyl|x0) (2)

where 6§ € © is a parameter. To simplify, let f(y|z,0) > 0 for all (z,y,0) €
X xY x ©. Then no observation is logically impossible for any ¢ € O, and the
support of beliefs over © cannot shrink.

In this paper, ‘Awareness’ mean the support of beliefs. ‘Unawareness’ of a subset
of © is equivalent to having beliefs that assign measure zero to that subset.

Awareness-O beliefs—Define the one-step-ahead Bayes map

(y | 2,0) 1 (0)
(v | z,0)du(0)
Thus full-awareness beliefs or just ‘full beliefs’ are just the usual beliefs with awareness

of all of ©. Date-t full beliefs are then just ¢-fold iterates of the operator B starting
from a full prior y, (6) with support ©.!

W= B(x,y,p = 7 (3)

Awareness-A beliefs.—With awareness A, the agent’s actual belief is the restriction
of 11 to his awareness set, A:

2O for € A,
m<0)=u(9|A)={ 5A> for 9 A (4)

It, too, is the t-fold iterate of B from a fictional prior belief p, (0 | A;). It is fictional
because the actual prior awareness is Ay and not A;. The real-time sequence of beliefs
would depend on the actual sequence (A;). But since only the agent’s current aware-
ness matters, the precise route by which that awareness is reached does not matter
for my4.

LAll this is precisely as in, say, Easley and Kiefer (1988, p. 1048).



2.3.1 Law of motion for m

We now derive conditions under which m obeys a first-order representation of the

form R
m' =b(x,y, A',m), (5)
which generalizes (3) to allow for discovery.

If A = A, b is the Bayes map, but when A’ O A, determining m/’ (A= A) in
general requires knowledge of the entire sequence h' = (z,y") which would then be
used to update m according to (4) with A" in place of A. But (5) will hold if we can
invert m; to obtain all the information about € that h' contains. By an application

of the inverse function theorem the latter will generically be true if the number of
sufficient statistics %s less than the number of elements of A.

Let L, (R',0) = H f (ys | xs,0) denote the likelihood function. Assume that under
s=0
repeated sampling from (2), the information in (z*, y*) has a k-vector of sufficient sta-
tistics, T (k') € T C R*. Denote the law of motion for T' by T (h**!) = 7 (z,y, T (h')),
or simply by?
T'=7(z,y.T). (6)

Since T is sufficient for 0, Fisher-Neyman factorization states that
L(h',0) = Ly (h') Ly (0. T (")) (7)
for all ht, and

m(0) = (0T, A) = —20 DO oy y (8)

B fA Ly (‘9,> T) dpy (9,)

Let A (©) be the set of full-awareness beliefs reachable from p, by observing some
feasible (h').2.

Let Ay (©) denote the subset of A (O) entailing a support of at least & elements.
These are the feasible beliefs of someone who is aware of at least k distinct 6’s. Let
M, be the set of measures over this set.

Now define the map (8) as

m:¢A(T>,

so that ¢, : T"— A (O). The next result concerns the invertibility of this map for A
fixed. When can we recover T' from m that has a support A?

2Examples are provided below.
3Thus A (©) is the union of the posteriors obtainable at any date from the supports of ht as h*>
ranges over its feasible set.



Proposition 1 For m € M C M, as given in (8) assume that the Jacobian of the
#A-equation system on the RHS of (8) satisfies

o] T.A)]
a—T} k. )
SA Xk

rank {

Then ¢ (m) exists on M and the representation (5) exists on -1, ().

Proof. Then the inverse function theorem implies that for each m € M there is a
function ¢~ : M — R¥ giving T = ¢;' (m). Now let

m' (0) = p(0|7[z,y,é, (m)],A) foreA

= b(x,y,A',m).

which is of the form (5) as desired. m
Examples are provided in the Appendix.

2.4 Discovery and the Generalized Bayes map

It remains for us to specify a process for A which we shall combine with that defined
by (5).

The law of motion for A.—Discovery thus should depend on A and on m which
reflect the agent’s awareness and his beliefs over the models he is aware of, and
on the possible conflict between these models and the evidence, y'— such a conflict
presumably stimulates new discovery. And A is the support of m. Therefore, the
evolution of A depends on m alone, in addition to possibly depending on x;. Then,
for any A’ € B(0), let

Pr(Ag1=A"|zy =2, miy=m)=a (4, z,m). (10)
Combining this with (5), we obtain the generalized Bayes operator
' = bz, y,m),

where
b(z,y,m)= / Z;(x,y, A" m)a (A, z,m)dA". (11)
B(A)

2.5 Preferences

The agent’s utility is Z 6'U (z¢,y;) but he does not maximize F Z S'U (4, v0)
t=0 t=0
where FE is the standard expectations operator. But this operator does not allow
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extension of mass to sets of zero measure. For reasons we discussed at the outset,
the standard updating of probabilities would preclude the agent from realizing that
discoveries are possible and, hence, would exclude any motive for the agent to take
actions that would raise the chances of making such discoveries. It also would lead to
a different (and probably lower) lifetime utility. The agent will evaluate the current
reward using awareness A, but he also will recognize the evolution of A in the sense
to be made precise below.

The Bellman equation

We write the Bellman equation corresponding to these preferences. It differs from
the standard treatment in just one respect: Instead of using the Bayes map (3), we
use the generalized Bayes map (11). Preferences are defined recursively, somewhat
related to Epstein and Zin (1989):

V(m)= max/y Ulz,y)+ 0V (b(x,y,m)) f(y|z,0)dm(0). (12)

rzeX

This approach has two arguably desirable features

() the agent’s action be independent of states whose possible existence is not yet
discovered.

(17) he correctly judges the consequences for tomorrow’s continuation value of the
discoveries that may occur as a result of the actions taken today.

General comparison

When is it equivalent to Bayes?

Parameters vs. Shocks.—It would not do for Bayes counterpart to have only .
Discovery has (y, A) as shocks, and a spanning argument would say you need a second
shock for Bayes to have a chance to replicate things.

Discovery Bayes
utility Ul(z,y)
likelihood fly|z,0); 60O g(y,z|z,v); vyeT
prior 1o (0] A) Ao (7)
updating fa =B (z,y,p|A)
awareness growth A =« (a:, Y, ,u‘A) N =B(z,y,2,\)

m = 4

b(x,y,m) = fB(@) bad A’

policy function x = h(m) x=H(\)
value V (m) W(A)



where z = H (\) and W solve,

W =mae [ ) W (B oz ) g )i ()}
zeX (Jrxyxz
(13)
Nothing is said about the dimension of I' relative to that of ©.

Two more examples

The observables are (x,y). We seek to show that the discovery model can generate
the same outcomes for the observables as two standard examples do. The example is
a search model, the second an exogenous growth model. We’ll show that both can be
generated by a process of ‘discovery.” With data on outcomes alone, the two models
are observationally equivalent for (z,y)

e construct a sample path (z, y;)

e But the agent’s V' and expected payoffs do not converge

3 Example 1: Search

First we present the search model and then show that the outcomes of search can be
generated by a model in which the parameters of a production function are ‘discov-
ered’ gradually over time.

3.1 Search

Suppose a risk-neutral agent samples y from a distribution G (y), for y € [0,1].
Suppose that y is the output of a technology if it is used for production. New
technologies are sampled (with no resource cost) at the rate of one per period. The
technology in use is then the highest sampled to date so that one i.i.d. sample is
taken per period. The distribution of the maximum of ¢ draws

Y, :oé?%ﬂ(y")

} Pr(Y; <Y) =G (Y)

If one can also produce while sampling, Y;, then G* (V) is also the distribution of
output at date t. When there is no sampling cost, this is the model of Burdett (1978)
and Muth (1985), and when there is a sampling cost it is the model of McCall (1965).
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3.2 Discovery

Now we show that the same decision problem can be framed in the discovery model.
Assume that g, is output produced using the production function

Y = 1-— (If — 0)2 + Et, (14)

where z? € R is a ‘production’ decision (later there will also be a ‘discovery’ decision,
x? € {0,1}), € © C R is a parameter, and &; € R is an i.i.d. disturbance. The
agent does not know 6, however. Instead, he is aware of a finite subset A of ©, and
his prior, denoted by f 4 (6), is uniform over A so that

{ﬁ forfe A

0 forfdA (15)

Ha (6) =

If the agent’s awareness were to grow from A to A’, say, where A’ is a superset of A,
then prior beliefs would again be given by (15) but with A’ in place of A.

The discovery process.—Let discovery occur via i.i.d. sampling of ¢ from a distrib-
ution with C.D.F. H (0) that has support ©. This means that discovery is ‘undirected’
in the sense that the true 6 is not involved. Then instead of writing (10) and (11) in
distribution form, it is easier to write the difference equation for A’

A"'=AU6 with prob. dH () (16)

so that awareness remains unchanged with prob. [, dH ().
The role of e.—If € = 0, the agent would quickly be able to learn the true 0; (14)

has two solutions for 6:
0=a"+\/1—y.

These two solutions are illustrated as #; and 0 in Figure 3. Therefore one needs just
two independent observations of (z,y) to solve for 6, and this would contradict the
slower discovery process that we shall posit below.

We now proceed in two steps. First, we show that conditional on deciding to
discover a new 6, the distribution sampling, the distribution of y; as given by (14)
will be G (y) different way of deriving G*(Y) as the distribution of the largest y
sampled.

3.2.1 Deriving G (y) via discovery

Additional signals on 6.—Before starting out, the agent has seem T signals s; with
density

1 1 _(s_p)?
6(8\9):W6 2070 (17)

fort i = -T,-T +1,...,—1.

4The idea is that the agent already has T observations of y at date t = 0
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Figure 3: ANY (z,y) IMPLIES THAT 6 € {01,605}

Optimal decisions—Since (16) does not involve xP, the production decision is
static. Being risk neutral, the agent solves at each date

min E (27 — 0)* | b7, A)

zER
where AT = (!, 3", s”) and where

ot = (zo, s 2i-1), ¥ = (Wo, oy Yi—1), and 8T = (S_1, 5 741,00 5-1).

The solution is to set 2P to equal the date-t expectation of #:

w=FE(0|h" A). (18)

Now let T' get large. Then the information in the history of s; dominates any
information that will be received via (y;). Ignoring the information in y would mean
that the expectation in (18) would be taken with respect to the posterior distribution
which, in light of the uniform prior reads

T etsi10

(o] htyT’A) = 1 ’
> oea H §(si | 0)
i=—T
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for 6 € A, where ¢ is defined in (17).

Let 0* denote the true value of 8. Then as T' — oo and the information becomes
perfect, the posterior mean converges to

E@]y,s") =S argréleaj(/lnf(s | 0) & (s ]07)ds, (20)

which also is the limit of the maximum-likelihood estimate of 6 restricted to A.
Although he has unlimited information that should clearly indicate 6* when 6* € A,
when 0 ¢ A, the agent obstinately treats that information as having arisen from an

unlikely sequence (s;,¢;) governed by that value of § € A that best explains s7.

Then
T\ a.s. . *
w=FE 0]y, s") Se arggrélAIHH—H | (21)

We include the additional ‘€’ in (21) because there may be more than one argmin.

Now let 62 — 0, in which case, since ¢ = 0.5 In that case we can easily show
equivalence of the discovery model and the search model.

Equivalence—Therefore for each G (y) there exists a discovery process generating
the same observations, in probability. If the agent starts with Ag = @ and if he were
to make one discovery per period, call it §; such that

ytzl_(et_9*>2=

then the sequences of outputs will be the same at each date.

The technology correspondence.—For each output level y < 1, there are two tech-
nologies that give rise to it. Therefore we have the technology correspondence

0=0"++/1—y, (22)

which is depicted in Figure 4. If any measurable selection v (y) from this correspon-
dence is consistent with G (y), in the sense the the distribution over © that it gives
rise to, call it HY (0), is consistent with G, then then all selections are consistent
with GG. That is, for any subset B C O,

HY (B) =G (¢ (B)). (23)

®This simplifies the relation between G and H. The probabilistic removal of £ will mean that we
can associate output deterministically with the pair (0, A) as we shall see below. In the theory of
search by which new methods of production, as summarized by the cost of production, are drawn
from a distribution (Telser (1982), Muth (1986), Kortum (1997)), the technology in use is the most
efficient hitherto sampled, and it is used until a still better technology is discovered. In this approach,
a sampled technology is an ‘inspection good’ — having discovered a new technology, the potential
user does not have to try it in order to be able to evaluate it and compare it to the other technologies
that he knows. Since most technologies must be tried before their full potential is known and is
realized, this approach may work if time periods are long enough so that any experimentation can
be treated as occupying a negligible fraction of any period, and that the bulk of the time in each
period, the technology used is the best hitherto tried.
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Figure 4: THE TECHNOLOGY CORRESPONDENCE (22)

Let us focus on just two selections from the technology correspondence: The smallest
and the largest.

The discovery process that generates G (y).—It is enough that we find just one
selection from (22). The selection that maximizes 6 of course obtains when, for
each y, we take the larger solution in (22) for 0, i.e., 8 (y) = 0 + /1 —y. Then
0, <<=y, >1—(f—06")? and the CDF for § needed to generate G is

HY(0)=1-G(1— (0 -6")) for 0 € [0%,0* 4 1].

Alternatively, consider the smaller solution in (22) for 6,, i.e., §; = " —/T — ;. Then
0, <0 <=y, <1— (" —0)*, and the CDF for § needed to generate G is

H(0)=G(1— (0" -0)%) for 0 € [0* —1,07].

It does not matter which is chosen or, indeed, if a linear combination of the two is
chosen as follows

H (0;0) = alggr—ropH ™ (0) + (1 — ) Lo grapy H ™ (0) (24)

for o € [0, 1]. If all we can observe are the y’s, the parameter « is not identified, and
neither, of course is the selection .
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Figure 5: TWO DISCOVERY DENSITIES CONSISTENT WITH A UNIFORM G (y)

Ezxample of a uniform G.—To illustrate (24), assume G (y) =y for y € [0, 1], and
suppose that #* = 0. Then

HY(0) = ¢ for 0 € [0,1] and
H (0) = 1-6° for 6 € [-1,0]
and the densities are

ht (6) = 26 for 0 € [0*,6" + 1] and

h™(0) = —20 for 6 € [0* — 1,6"] (25)

and we illustrate them in Figure 5, where we also have extended their definition to
the interval [—1,1]. Then any density of the form

R (0) = ah™ (0) + (1 — ) h* (0) (26)
a € [0,1] also generates the C.D.F. G (y) = y.

3.2.2 Sampling costs and the search/discovery decision

While the production decision is static, when there is a sampling cost ¢, the search
decision is dynamic. But having derived G (y) via the distribution H in (24) and, for
a specific example, in (25), it is straightforward to add a search-investment decision
2% € {0,1} . The decision is z = (xp, xd) . As T — oo, so that

Ulz,y) =y — cx’.
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Aso — 0,
y—1— (2 —0")° =1 —min (z — 6*) (27)

T€EA

That is, as 0 — 0, the following three truths emerge

e f(y|x,0) becomes degenerate, and we substitute y out in (12) via (27),
e 1(0 | h, A) has converged with all its mass to arg ming (6 — 6*)°

e V becomes stationary as h, being fully informative about #*, no longer matters.

Then (12) reads

V(A) =  max {UA <U(:r,y)+5/8(@)V(A’)d¢(A’|A,h,:n))du(€]h,A)”

(xp,zd)EAX{O,l}

— 1—min (2" — 0")> 4+ max {—cmd + (5maX/
zPEA z4e€{0,1} o

V(AUH)dH(Q)}
= 1—[p(A,H*)]2+max{5V(A),—c+6/@V(AU9)dH(9)}

where
p(A,67) = min|0 — 0" (29)

is the Hausdorff distance between 6 and A in the Fuclidean norm. Then since the

N

operator is a contraction, we find that V' must be of the form V (A) =V (p[A,67]).
Then (28) reads

v(p) =1—p —|—max{5v (p),—c+ 5/00012 (min (p, p")) dP (p’)} : (30)

where P (p') is the distribution of p’ implied by H (#) Change variables from p to
7 (p) = 1 — p? and note that any H () satisfying (23) then gives rise to the transform
G (y) = H (). Then define w by

w (1—p%) =v(p)

Then (30) reads

o) =yt e {50 (y) —e+ 0 [ max (/) ac 00}
0
and the discovery decision then is

a_ | 1 fory<y*
x_{OforyZy* (31)
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where y* solves the equation

(=3 / T ) — v ()] 4G (). (32)

The decision rule characterized by (31) and (32) is the optimal stopping rule for
an infinitely-lived agent who samples at a cost ¢ from a distribution G that he knows.
then his search decisions and reservation y would be the same as if discovery was
i.i.d., with distribution H given in (24).

So far we assumed that the agent’s guess about ¢ is correct, which then allows the
model to generate search from a distribution G that the agent knows. If the agent
does not know ¢ and learns about it along the way, then this would have a counterpart
in search theory of the agent learning about G. Rothschild (1974) showed there would
be a sequence of stopping set (Yts ) such that the agent stops sampling when y* € Y,°
for the first time. In the discovery model the agent would have stopping sets (@f )
such that he would stop sampling when 6" € ©7 for the first time.

4 Example 2: Growth

As with Example 1, we first outline the usual assumptions about the stochastic
process, and we then show how it may arise via a process of discovery. Only a sketch
will be provided here because the development is quite similar to that in Example 1.
4.0.3 Exogenous growth

Let y be output and consumption (there is no saving). Let

_ Yt+1
Yt

Zt

be the growth factor of output. Suppose, as Mehra and Prescott (1985) do, that z is
first-order Markov:
Pr(zp1 <2 |z=2=G(¢,2). (33)

Assume, additionally, that z; > 1.

4.0.4 Discovery

We now derive (33) via discovery. The following procedure works if z; is non-
decreasing. Let utility be iso-elastic

1—v 1
= & (34)
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where, again, x; € R is a decision, # € © C R an unknown parameter, and ¢; an i.i.d.
disturbance. Then

T _@k(v—l) )
U=t t7_|1 +é (35)
so that
2 T —0)> R

Optimal decisions.—Discovery occurs exogenously, independently of the action
taken. When (36) holds, it is again optimal to set the decision at the posterior mean
of #. Discovery again occurs exogenously, and we shall assume that a very precise
signal of 6 is available, as in Example 1, in the sense that T gets large, leading to
(18), and (20). Assuming (17) and (36) the optimal policy again given by (21). We
shall henceforth send the ¢; to zero in probability and ignore them. As in Example
1, their role is to avoid logical difficulties for the agent. Then output is

1

y =
t minxeAt |'r - 0*’k

Growth.—The growth factor between ¢ and ¢ + 1 is

|z — 0" )k
2+ = _— 37
' <|95t+1 —9*| ( )

Since x; — 0" is non-increasing, this construction can work only if z; > 1 for all ¢.
Assuming that this is true, we can devise a process for x; such (37) holds. As in
example 1, define p again as in (29) to obtain

Pt = ’xt _0*’

as the fraction of the gap between ideal practice, 8%, and best practice z;, i.e., the
knowledge left undiscovered. Then the stochastic process p, must be non-increasing
and satisfies

1
Alnp, = —Elnzt <0.

If, for example, z; € (21, ..., 2xy) can take on N states and that it is a first-order
Markov chain, as in Mehra and Prescott (1985) who assumed that N = 2, then Aln p,
is itself a first-order Markov chain taking on values

In z; In zn
Alnpte{— R — }

The process 6, is once again not uniquely determined, for the same reason that an
entire family of densities for 6 in (26) is a solution to the search problem.
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5 Discussion

Discovery is a growth in A. How might discovery be modeled? The best that we can
do here is to try to capture the wisdom contained in the several bodies of theory that
deals directly or indirectly with this subject. Let us briefly review the implications
of some models of search theory, hypothesis testing theory, and game theory.

relate to market incompleteness models

5.0.5 Search theory

Search theory suggests that we model knowledge growth as sampling randomly from
O, with the number of samples responding to effort. The search for new 6’s would be
directed if the agent can choose the distribution of § from which to sample. Otherwise
search is undirected.

Undirected search.—In this approach the action x; would be the sampling rate.
Conditional on a draw, a value 6’ would be drawn from © or a subset of ©. Perhaps
new ideas § € © are generated via a stochastic process that is perhaps influenced
by beliefs m (which have support A) and by decisions z' such as R&D effort. Let
Y (0, 60) be a distribution over 6’ conditional on 6 which states that if the agent thinks
of 0 today, then ' will occur to him tomorrow. Let z; be the number of ideas ; with
i =1{1,2,...,x;} sampled and suppose that each idea is drawn from

Prob{0,; < ¢ € © | m;} = / b (0',0) dm. (38)
A

Then any 6;; & A is a discovery. If the process in 9 is highly autocorrelated and if the
dispersion of ¢'is small, the agent can search only a small neighborhood of A, with
most of the ideas sampled being duplicates of old ones. Examples of this approach
are Telser (1982), Muth (1986) and Kortum (1997).

Directed search.—Bayesian treatments of the bandit problem and its various elabo-
rations are in Rothschild (1974), Jovanovic and Rob (1990) and Jovanovic and Nyarko
(1996). There is no discovery in these models in the sense that the parameter space
is known from the outset.

5.0.6 Hypothesis testing

Discovery could, however, be more directed, such as the algorithms for model revision
proposed by Sims (1971) and more formally by Radner (2002). The agent from time to
time enlarges the set of model parameters that he wishes to entertain. One may limit
discoveries to those that improve the agent’s understanding of the world according to
some statistical criterion. He may assign zero probability to any new idea that seems
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improbable enough in light of the evidence. For example, the discovery it should pass
a likelihood-ratio test. Thus one could constrain

Admissible discoveries = <6 € © | L (r,0) >\ (39)
B maxgeq L (R, 60) — |~
The parameter A > 0 indicates the height of the hurdle that a discovery must clear.
Indeed, if A\ > 1, with probability 1 discovery must stop short of the true .°

(Radner 2002): Deterministic model revision.—Let N and k be positive integers
and let M (k) be the set of N-state Markov chains of order k. Let © = U (M (k) and
Ay = U?ZOM (7). Radner assumes that Ay is augmented to Ay, at a pre-specified
date t;, where () is a sequence increasing in k. Since the dimension of the parameter
space increases geometrically with k, tx,1 — t; must also increase with k if the agent
is to get to learn much of anything. Radner’s term ‘model revision’ is equivalent to
a ‘discovery’ in our sense.”

5.0.7 Decision theory

We mentioned a collection of papers in the introduction. As a basis for the intuition
regarding to payoff to discovery, Case-based decision theory of Gilboa and Schmeidler
(1995) suggests to compare to similar cases. But the difficulty is finding what the
similar cases are.

5.0.8 Game theory

In games, a player may take an action to which the other players assign probability
zero. That agent then solves an inference problem related to the literature on what

SFor any A, the process is in line with the view of Galanis (2008 Section 6, page 17) argues that
awareness grows when observing something which you thought was impossible. We can think of
“impossibility” as a zero denominator

"Let us relate Radner’s model to how beliefs are formed in ours and to eq. (4) in particular. Now
M (k) can be considered as a zero-measure subset of M (k+ 1). and A (M (k)) the set of measures
over M (k). Then letting p;, € A (M (k)), let the full-awareness prior be

oo
= Z Q-
k=0

Substituting this expression for p on the RHS of (4) leads to

k
Z Qi (9)
pa, (0) = —= for € Ay, and py (0)=0 for 0.¢& Ay

k
S D edn; (9)
§=0
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to do when an opponent takes an off-equilibium action. When revelations of elements
of ® — A are made strategically, it is possible to specify the subjective probability ¢
using information about the opponent’s incentives to reveal various states, as Ozbay
(2008) argues. Galanis (2008)....

Preferences will be defined recursively resembling Koopmans (1960).

Now we shall propose a model of how the agent would make decisions to maximize
his objectives. Since standard decision theory cannot deal with changes in awareness
we need an alternative theory. Here we have two options. The first, taken by Kochov
(2009), is to provide axioms that one would find reasonable in this context, and
formulate optimal decisions that way. The second, and the route that we shall take
here, is to (A) set up a model of decisions in environments where discoveries happen
or are likely to happen, such as decisions concerning the search for new technologies
and scientific advances (B) compare the decisions that come out of the model to
decisions that emerge in existing models of search and growth, and (C) argue that
since the discovery model captures elements thought desirable in existing treatments
of such problems, the model applies more broadly.

There are two features that a theory of decisions and discovery should capture.

1. Current decisions must reflect only current awareness.—The distribution of y;
is known to obey (2), but beliefs over § are governed by (4) which is conditioned
on current awareness, A, and on h'. Output at date ¢ cannot be produced using
technologies yet to be discovered. Thus (x,y;) can depend on (h'; A?), but not on
future discoveries and events. The agent can make no bets or form any beliefs over
states in © — A that he is unaware of. Thus the agent is in a situation that Li (2008)
calls ‘pure unawareness.” He can, however

2. Decisions involving intertemporal trade-offs should reflect expected gains from
discovery—The agent expect to make discoveries in © — A that are likely to improve
his decisions and raise his utility. While he cannot imagine any elements of © — A, he
on average correctly judges the payoffs from investing in discoveries. That is, he can
correctly judge the gains from such an investment even if he cannot at present say
how and why he thinks these gains will come about. In other words, in his investment
decisions he shall act as if he knew the law of motion of discoveries. Suppose that this
was not so. Suppose that the agent underestimated the returns to discovery. Then
discoveries would be scarce and that scarcity would raise their equilibrium value;
the rate of return to discovery would then be much higher than rates of return on
other investments. In fact, the rate of return to basic research has been only slightly
higher than but comparable to the rate of return on physical investment, and why
the market’s valuation of cumulative research (as measured by Tobin’s Q, say) is
generally only slightly higher than its valuation of tangible assets.® To sum up, there
is a tension:

8See Ch. 4 of Griliches (2000)
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1. If the agent cannot imagine an event, it seems like he should underestimate the
probability that it will occur.

2. The agent should be able to imagine that his knowledge will grow even if he
cannot name any of its possible destinations. If people consistently underesti-
mated the fruits of discovery, the rate of return to making efforts to discover
things would presumably be very high.

6 Conclusion

The paper has defined discovery as an extension of the support of beliefs. It is not
the first to take this approach, but perhaps the first with a quantitative orientation.
Several extensions are hoped for. One is an axiomatic justification for the recur-
sive preferences over problems. Another is some general results concerning the corre-
spondence between models of discovery and differently parametrized models with no
discovery. Yet another is the issue of bias in the perceived returns to discovery.
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6.0.9 Appendix: Examples of (6)-(9)

TO BE CORRECTED....
Example 1: Normal distribution.—Let y = x + 6 + ¢ and let ¢ ~ N (0,02) so
that

1 1
p(y’x70):\/mexp(_2o.2 (y_x_g)2>

and suppose that o. is known. Let § — Z = 2 be the sample mean of ¢ z-adjusted
signals. Then let T' = (z,t) € R? be the sufficient statistic for §. Thus k = 2. The

transition function (6) for T is

1
_ _( matzt+y—a)
T =71 (z,y,T) ( f1 :

t
Then after canceling (w /27?0?) from both sides, (7) reads

1 < 1 0, 0%
exp {_20 (Ys — x5 — 9)2} = €Xp {_20_2 Z (ys — xs)Z exp {;tz - 20_2} .

s=0 € s=0 €

(LN V]

Let © be finite and let the full-awareness prior i, (6) = 1/#0© be uniform. Let
A= (04,...,0xn). Now p, cancels in (8) so that, upon taking logs, it reads

ot 62 Y 0t 62

€ =1

The Jacobian in (9) is




which is non-singular (7) even for N = 2, but certainly ) for N > 3 as long as the ’s
are distinct. Then any two rows of the matrix can be used and inverted to obtain 7.

Example 2: Binomial distribution.—Let x be constant (i.e., no decision) and let
(2) be given by

1 with Prob 6
y= 0 with Prob. 1 — 6

with @ € [0,1]. Then in ¢ trials and k successes the likelihood is 6* (1 — )" =
Ly (0,T), where T' = (k,t). The transition (6) reads

r_ o /ﬂ—l—f{yzl}
T—T(y7T)_( t+1 )

where I is the indicator function. Again let © be finite and again let yu, (6) = 1/#0O
be uniform. Again let A = (64, ...,0x). Then after taking logs of both sides, (8) reads

Inm (@) =kln0+ (t —k)In(1 —0) +C(A)
wherre C (A, T) ——anHk (1 —6;)""%. Then (9) reads
Ing; —In(1—61)+9%& In(1-6,)+ 5

lngN—ln(l—QN)qLaC ln(l—@N)—i-%—?
N x 2
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