Chapter 15

NASH IMPLEMENTATION

1. Introduction

In this chapter we continue to explore issues of manipulation of SCF’s.
In the last one we stumbled with an important impossibility result, the
Gibbard-Satterthwaite theorem. Recall that this theorem establishes
that, when there are at least three alternatives, there is no SCF that is
nontrivial, universal, nonmanipulable and nondictatorial.

Given this negative result, one is forced to relax some of its assump-
tions in the hope of finding more encouraging news. For example, if
society is choosing between only two alternatives, one can easily find
SCF’s that satisfy all these properties (such as majority voting). A sec-
ond way out is based on the relaxation of universality: if the Central
Authority has determined that certain kinds of preferences can be ruled
out, possibility results arise. For example, if we assume that preferences
are additively separable (as we did in Chapter 8), one can succeed in
finding demand revelation tax schemes: these were nontrivial, nondicta-
torial and nonmanipulable SCF’s.

The third way out of the impossibility theorem is the one that will be
dealt with in this and the next chapter. The key will be a change in the
way we check for manipulability. Recall that we use R; to denote person
i’s preference relation, P; to denote his strict preference relation, and I;
his indifference relation. Thus far, an SCF F' was defined as manipulable
if one could find an agent ¢ and preferences (Ry, ..., Ri—1, Rit1,..., Ry)
for the others —we shall use the notation R_; to denote the profile of pref-
erences of all persons but i— such that, when the true preferences of agent
i were R;, he’d rather report R} instead, i.e., F(R}, R_;)P;F(R;, R_;).
In other words, for nonmanipulability or strategy proofness, we were
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requiring that, regardless of what the true R_; are, agent ¢ not have an
incentive to misrepresent his preferences. This means that reporting the
true preferences must be a dominant strategy in the mechanism in which
each agent is asked to report his preferences.

Much weaker than requiring truth telling regardless of the other re-
ports is to require truth telling when the others are also telling the truth,
and this is what we will utilize in these two chapters. Formally, this is
done by appealing to the game theoretic notion of an equilibrium, which
was already used in Chapter 8 when the Groves-Ledyard tax scheme was
covered. In the current chapter we shall assume complete information
among the agents, and the corresponding equilibrium notion is that of
Nash equilibrium. In the next chapter this assumption will be relaxed
and we shall consider incomplete information environments, in which
Bayesian equilibrium will be used.

2. An Example

We begin with an example that should be familiar. We go back to
the model of a market economy of Chapter 3. For simplicity, we rule
out production considerations. That is, our example will be based on a
pure exchange economy with no externalities.

Consider the following two-agent two-goods exchange economy. Sup-
pose the initial endowments of the commodities are w; = (3, 9) for agent
1, and we = (9, 3) for agent 2. This is known by the Central Authority.
Everyone knows, including the Central Authority, that agent 1’s prefer-
ences can be represented by the utility function uq(z11,z12) = z11712.
However, the Central Authority (but not agent 1!) is uncertain about
agent 2’s preferences. For simplicity, suppose that there are only two
possibilities: either agent 2’s preferences can be represented by the util-
ity function ug (21, x22) = x21222 (With a neutral position towards both
goods), or they can be represented by vo(z21, T22) = 23,722 (showing a
predisposition for good 1).

Suppose that the SCF that the Central Authority would like to im-
plement is the Walrasian or competitive market equilibrium allocation.
We next calculate it.

Suppose the economy is the one described by the utility functions wuy
and us. Then, letting p represent the competitive price of good 1, and
assuming that the price of good 2 is normalized at 1, the competitive
equilibrium is described by the following six equations. The first two
give agent 1’s optimal choice, the third and fourth agent 2’s, and the
last two take care of market clearing:
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pr11 + x12 = 3p + 9;

MRS, = T2 _ D;
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Pr21 + To2 = 9p + 3;
T11 + 221 = 12
T12 + 22 = 12.

The reader can check that the solution to this system of equations
isp =1, (z11,212) = (6,6) and (x21,x92) = (6,6). Thus, at the com-
petitive equilibrium when agent 2’s utility function is ue, goods are ex-
changed in a one-to-one ratio and the final allocation is the center of the
Edgeworth box.

Let’s now calculate the competitive equilibrium when agent 2’s utility
function is vo. The corresponding conditions are:

T12
MRS,, = — =p;

11
pr11 +x12 = 3p + 9;

2199
MRS,, = — =p;

21
pr21 + x22 = 9p + 3;

11 + z21 = 12;

T12 + T2 = 12.

The solution is p = 19—3, (z11,212) = (%,23—0), (z21,x22) = (%,13—6).

That is, given agent 2’s stronger preference for good 1, it become more
valuable and now more units of good 2 have to be paid per unit of good
1 in the market. Agent 2 ends up consuming substantially more good 1
than before, while agent 1 ends up with more good 2.

If the Central Authority knew agent 2’s preferences, it would want
to implement the allocation ((6,6), (6,6)) when his utility function is
ug, and ((%, 23—0)7 (%, 13—6)) when it is ve. Unfortunately, the Central
Authority does not have this information. It could try to ask agent 2
what his preferences are, much in the spirit of what we were doing in
the last chapter. But then, it would not receive a truthful report. The
reason is that u2(96/13,16/3) > u2(6,6). That is, when his true utility
function is ug, agent 2 has an incentive to report that it is vso.

In the jargon of the last chapter, the competitive equilibrium SCF
is not strategy proof. The question we ask now is whether the Central
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Authority can exploit the fact that agent 1 knows agent 2’s true prefer-
ences. Perhaps a more sophisticated mechanism can be designed where
this bit is used in order to elicit the information truthfully.

As will be shown in the next section, the key to a successful answer
to this question is a new requirement on SCF’s that was first introduced
in Maskin (1999). It is called Maskin monotonicity.

3. Maskin Monotonicity

We begin by defining the central condition in this chapter.

Maskin monotonicity. Suppose that the SCF assigns alternative z when
the preference profile is R = (R1, Ra, ..., Ry), i.e., F(R) = z. If the
preferences of each individual ¢ change from R; to R in a monotonic
way around z (that is, whenever zR;y, one has that zRy), then the
alternative socially chosen should not change: F(R') = x.

Maskin monotonicity is related to the condition of independence-
monotonicity used in the last section of Chapter 13 (we will be specific
about how both relate in the appendix to this chapter). The meaning
of Maskin monotonicity is illustrated in Figure 15.1. In it, we are rep-
resenting two indifference curves for an agent in an exchange economy
with two goods. In such an example, an “alternative” is simply a “feasi-
ble allocation” of goods in the economy. Then, the change in preferences
contemplated by the Maskin monotonicity requirement means that the
lower contour set at = expands. (Recall from Chapter 1 that the lower
contour set of R; at z is the set {y|xR;y}.) To reiterate, suppose that
the alternative initially chosen is x. Further, suppose preferences change,
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but in such a way that for no individual it is true that x has fallen with
respect to any other alternative in his personal ranking. Then, Maskin
monotonicity says that the social choice should remain z. Of course,
if preferences change in any other way (so that at least for one agent
the lower contour sets at x are not nested as in Figure 15.1), Maskin
monotonicity does not restrict the social choice at all.

Let’s now go back to the kind of exchange economy that we were
dealing with in our example. Specifically, consider a class of exchange
economies with n agents. Assume there are m infinitely divisible com-
modities; each agent holds positive amounts of each good in his ini-
tial endowment and final consumption bundles are represented by m-
dimensional vectors with all entries being nonnegative. Suppose prefer-
ences are represented by monotonic utility functions whose indifference
curves are convex. Suppose also that we have made enough assumptions
to guarantee that there is only one competitive equilibrium allocation
and that this prescribes positive consumption of all goods for each agent
(we will have more to say about this assumption at the end of the chap-
ter).

We now claim that, over the considered class of exchange economies,
the competitive equilibrium SCF satisfies Maskin monotonicity. To
see this, consider an economy in which {1,...,n} is the set of agents,
agents’ preferences are R = (Ry,..., R,) and their initial endowments
are (w1, ...,wy). Denote the competitive equilibrium SCF by F', and let
F(R) = z, i.e.,, x = (x1,...,xy,) is the unique competitive equilibrium
allocation of this economy, where x; is the final consumption bundle
assigned to agent ¢ in equilibrium. This implies that there exist compet-
itive equilibrium prices p such that the bundle z; is the optimal choice for
each agent over the budget set determined by prices p and endowment
w;. Furthermore, Y 7" @ = > " w;.

Next consider an economy consisting of the same agents with the
same initial endowments, but in which preferences for agent ¢ have gone
through a monotonic change around z. That is, for any bundle y; P/x;,
it was already true that y; P;x;. Now, because x was a competitive equi-
librium allocation in the economy with preferences R, any such bundle
lies outside of the budget set for agent ¢ and prices p. Therefore, for
each agent ¢+ = 1,...,n x; is also his optimal choice over the budget
set determined by p and w;, even when his preferences are R;. Since

Y ®p = )., w, le., market clearing still holds, x is a competitive
equilibrium allocation in the economy with preferences R': F(R') = x.
But this means that the competitive equilibrium SCF F' satisfies Maskin
monotonicity, as we claimed.
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4. Maskin’s Theorem

The relevance of the requirement of Maskin monotonicity comes from
Maskin’s theorem, which we will present in this section. But first, we
introduce some important notions.

To begin with, let’s set up the implementation problem. There is a
set of agents N = {1,...,n}, a set of social alternatives A, and each
agent has a preference relation R; over the set A. Suppose the Central
Authority wishes to implement a given SCF F for this society. Suppose
the Central Authority knows what is feasible, i.e., it knows the set A.
However, it does not know the preferences R = (Ri,...,R,) of the
individuals over the feasible alternatives. Thus, if the true preferences
are R, it would like to implement alternative F'(R). But the question is:
how can this be done without knowing R? Of course, there are certain
SCEF’s for which this is an easy problem. If the SCF is constant, so that
F(R) = x for a fixed  no matter what R is, the Central Authority
can simply enforce . But SCF’s that we are interested in for societies
are not like this: we want our SCF to be sensitive to the preferences of
individuals in society.

Next, we need to talk about how the agents will communicate with the
Central Authority. In the analysis of the previous chapter, the implicit
communication was one in which each agent reported his preferences to
the Central Authority. Thus, if agent i’s true preferences were R;, he
chose to report Ri, where this could be a truthful or nontruthful report.

N

With the information collected, i.e., R = (Rl, ..., Ry), the Central Au-
thority implemented F(R) This is a particular kind of communication,
but there is no reason to restrict attention to such schemes: in an auction
or market context, agents are asked to put a bid on the table instead
of reporting their entire preferences, or in voting, agents may be asked
simply for their top-ranked alternatives instead of having to report their
entire rankings. This leads to the general notion of a mechanism.

A mechanism or game form G is a pair G = ((M;)ien, 9), in which M;
is a set of messages m; that agent ¢ can send to the Central Authority,
and g is the outcome function. The function g collects the profile of
messages m = (mq,...,M,) sent by the agents, and delivers a feasible
outcome g(h) € A.

A mechanism is also called a game form, not a game, because its
specification is completely independent of agents’s preferences or payoffs.
Hence, a game form maps profiles of messages into feasible outcomes.
In contrast, a game assigns a profile of payoffs or utilities to each profile
of messages. Recall that the Central Authority knows the set A, but
not the agents’ preferences over A. Thus, while the Central Authority
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can design a game form, it cannot design a game (as the latter requires
information that it does not have).

In this chapter, we assume that there is complete information among
the agents of the set N. That is, each agent ¢ knows his own preferences
R;, and also knows the preferences R_; of the others. Further, this is
common knowledge among them: everyone knows everything, everyone
knows that everyone knows everything, everyone knows that everyone
knows that everyone knows everything, and so on. The complete infor-
mation assumption is not often met in reality, although it is plausible
if one is considering societies with a small number of individuals, who
know each other well, much better than an outsider (the Central Au-
thority) may know them. (E.g., think of a small community of neighbors
upon whom Town Hall is trying to levy taxes. Or of a union of countries
like the European Union from whom the United Nations may want to
elicit payments to fund programs in the developing world. Or consider
a father who wants to bring about the optimal allocation of toy time
sharing among his two daughters, who have a much better idea about
their true preferences for toys.) In general, outside of cases like these, we
view the complete information assumption as a way to approximate sit-
uations in which informational asymmetries among the agents are small,
compared to informational asymmetries between the agents on the one
hand and the Central Authority on the other hand.

What is interesting now is that the mechanism or game form designed
by the Central Authority to govern the communication with the agents
is taken by these as a true game. That is, each of them knows his own
preferences or payoffs, as well as those of the others. Thus, in choosing
the message m; out of the set M;, strategic considerations in this game
of complete information matter. In fact, because of this, we shall use
the word strategy to talk about a message sent by agent i.

How does agent ¢ choose his strategy m; in the mechanism? Well, of
course the answer will depend on his preferences over outcomes, as well as
on the specification of the outcome function. Thus, a more appropriate
question is: how does he choose his strategy in the game induced by the
mechanism G when the preferences are R?

In such a game, he could choose a strategy whenever it is dominant.
Strategy m; is dominant whenever g(m;, m_;)R;g(m;, m_;) for all mes-
sages m—; = (my,...,M;—1, Mjt1,...,My) sent by the others and for
all m; € M; (with at least one strong preference for each m;). That is,
agent ¢ can never go wrong by choosing m; if it is dominant, because,
regardless of what the others choose to do, m; always yields an outcome
that is at least as good (and sometimes strictly better) than the outcome
produced by any other message sent by agent ¢. This is a very strong
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property: often dominant strategies do not exist. In most games, agents
will not have it so easy, and their optimal strategy will not be indepen-
dent of what the others do. Moreover, insisting on dominant strategies
in the implementation problem leads us to the Gibbard-Satterthwaite
impossibility theorem.

Since the concept of dominant strategies is too demanding, we shall
weaken our game theoretic solution concept to that of an equilibrium.

A Nash equilibrium of the game induced by the mechanism G and
preferences R is a profile of messages m* = (m7], ..., m}) such that for
every i € N g(m},m*;)Rig(m;,m*,) for every m; € M;. That is, at
a Nash equilibrium, each agent is choosing a strategy that is optimal
given what the others are choosing. This is far weaker than requiring
that agent i’s strategy be optimal for any strategies chosen by the other
agents. See our discussion of the concept in the section concerning the
Groves-Ledyard tax scheme in Chapter 8.

We shall say that the SCF F' is Nash implementable whenever one
can design a mechanism G = ((M;)ien, g) such that, for every possible
preference profile R and for every Nash equilibrium m* of the game
induced by the mechanism G when the preferences are R, g(m*) = F(R).

Note how Nash implementability does not require that the equilibrium
of the game be unique. Indeed, multiple equilibria —strategy profiles— are
possible, but all of them must have the same outcome, which should be
the socially desirable one. In this chapter our requirement of foolproof-
ness of an SCF amounts to Nash implementability. That is, given that
the use of dominant strategies is limited by the Gibbard-Satterthwaite
theorem, can one design a mechanism such that, regardless of what the
true preferences R are, all Nash equilibria of the corresponding induced
game coincide with the one the Central Authority would like to imple-
ment if it knew R?

Another way to put the question is this: Can one describe the require-
ments on SCF’s that are equivalent to Nash implementability? The an-
swer is “yes,” and the solution was provided by Eric Maskin. We present
it in the next two results. The first result will deal with necessity and
the second with sufficiency.

Maskin’s Theorem 1; Necessity: If the SCF F' is Nash implementable,
it satisfies Maskin monotonicity.

Proof: Since the SCF F' is Nash implementable, there exists a mech-
anism G = ((M;);en, g) that, when the true preferences are R, has a
Nash equilibrium m*(R) whose outcome is the alternative specified
by F: g(m*(R)) = F(R) = .
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Now suppose there is a monotonic change of preferences around =x.
That is, the new preference profile is R’ such that for every i € N,
if yP/xz, it was already true that yPz. Since M* was a Nash equi-
librium of G under preferences R, any unilateral deviation from m*,
such as (m;, m*;) was producing an outcome g(m;, m*;) = z such
that zR;z. Therefore, since the mechanism does not vary with a
change in preferences, the same outcome z results following the mes-
sage profile (m;, m* ;) when preferences are R'. Because preferences
have changed in a monotonic way around z, we know that zR.z. And
since this holds for any unilateral deviation from m*, this shows that
m* is also a Nash equilibrium of G when preferences are R’. Thus,
if preferences are R, we have that z is a Nash equilibrium outcome
of the mechanism. But since F' is Nash implementable, it must be
the case that F(R') = x, and then F satisfies Maskin monotonicity.

Q.E.D.

Next we state and prove the other direction, almost a converse of
the first result. As will become clear in the proof, the mechanism pro-
posed makes use of the Japanese proverb “the nail that sticks up gets
hammered down.”

Maskin’s Theorem 2; Sufficiency: Suppose there are at least three
agents and the environment includes a private good. Then, if the
SCF F satisfies Maskin monotonicity, it is Nash implementable.

Proof: The proof is based on the construction of a canonical mecha-
nism that will work for any SCF F' satisfying Maskin monotonicity,
regardless of the implementation problem (exchange economy, pro-
duction economy, allocation of public goods, voting, etc.)

Consider the following mechanism G = ((M;)ien,g), in which each
message m; € M; allowed to agent ¢ consists of an alternative, a
preference profile and a nonnegative integer. Thus, a typical message
sent by agent i is denoted m; = (a’, R, 2!). To be clear, a' € A
is an alternative, R = (R},..., R, ..., R) is the preference profile
(preferences of all agents) reported by 4, while z¢ = 0,1,2,... is a
number that ¢ chooses. The outcome function g of the mechanism is
defined with the following three rules, where m = (mq,...,my):

(i) If all agents announce the same thing, m; = (a', R’ 2*) = (a, R, 0)
for all i € N, and F(R) = a, then g(m) = a.

(ii) If there is an almost unanimous announcement as in part (i), i.e.,
if n —1 agents announce m; = (a, R, 0) with F(R) = a, but agent
J announces m; = (a’, R’,2’) # (a, R,0), then we can have two
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cases:

-If aRja’, then g(m) = a’.
-If o/ P;ja, then g(m) = a.

(iii) In all other cases, an integer game is played: identify the agent
who announces the highest integer (if there is a tie at the top, pick
the one with lowest index among them). This person is declared
the winner of the integer game and the alternative implemented
is the one that he picks.

We now have to prove two things: (1) F(R) is a Nash equilibrium
outcome of this mechanism when the true preferences are R, and (2)
there is no other outcome supported by Nash equilibria when the
true preferences are R. Therefore, fix an arbitrary preference profile
R and let’s analyze the game induced by the mechanism G and these
preferences.

First, note that the unanimous announcement m; = (F(R), R, 0) for
all¢ € N is a Nash equilibrium. These announcements are unanimous
in reporting the agents’ preferences truthfully, the alternative that is
socially desirable under F' for these preferences and the integer 0. If
these are the announcements, the outcome is decided by rule (i) and
it is F(R). Note that unilateral deviations from this announcement
cannot induce rule (iii), but only rule (ii). So suppose agent j consid-
ers deviating from the unanimously announced message, and instead
announces (a’, R/, 27) # (F(R), R,0). The outcome would then be
determined by rule (ii). But then, notice that under rule (ii) the
outcome would only change to be a/, the one that j has proposed in
his deviation, if aRjaj according to preferences R;. Therefore, since
R; are j’s true preferences, agent j will not benefit from such a devi-
ation. It is important to observe how the fact that there are at least
three agents is used in this last step, in order to determine what is
an “almost unanimous report”. This is what allows the mechanism
to spot the liar and use the preference R; for player j, which is being
announced by n — 1 individuals. Note how this would not be possible
if one has only two agents: rule (ii) would not be well defined. Can
you see why?

Therefore, we have established that the proposed strategy profile is
a Nash equilibrium, whose outcome is the “right one,” i.e., when the
true preferences are R, the outcome is F'(R). This proves our goal
(1) stated above. The rest of the proof will show that there is no
other Nash equilibrium outcome of this mechanism when the true
preferences are R, i.e., our goal (2).
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To see this, observe first that one cannot have a Nash equilibrium
under either rule (ii) or rule (iii). Fix an arbitrary candidate strategy
profile that falls under either of these two rules. To prove our claim
is simple: if the outcome is determined by either of these two rules,
at least n — 1 individuals are not receiving their top-ranked alterna-
tive. The presence of a private good guarantees that the top-ranked
alternative for each agent i, call it 2%, is different. But then, any of
these individuals can profit from a unilateral deviation: let agent ¢
in this set announce (z°, -, 2%), where z* is a large enough integer that
is larger than the integers announced by all other agents. With this
deviation, agent ¢ will be declared the winner of the integer game and
2 will be implemented, contradicting that the candidate profile was
a Nash equilibrium.

Therefore, if there exists another Nash equilibrium of G when the
true preferences are R, its outcome must be determined under rule
(i). That is, there is a unanimous announcement m; = (F(R'), R',0)
for all i € N, where R’ # R. That is, the agents are unanimously
reporting a false preference profile, but the deception is sophisticated
in that the alternative they all mention is the one proposed by F' for
the reported preferences, and they are also all announcing integer 0.
Given these reports, rule (i) would be applied and the outcome would
be F(R').

Well, if F(R') = F(R), this is a collective lie that does not bother
the Central Authority in the least. After all, the desired alternative
is still implemented, so that’s fine.

However, suppose that F'(R') # F(R). Then, this is a collective lie
that interferes with the social goals, so this is to be taken seriously.
But recall that the SCF F' satisfies Maskin monotonicity. Since the
alternative chosen by F has changed when preferences are R or R/,

F(R') # F(R), this implies that alternative F(R') must have
fallen in the preference ranking of at least one individual with respect
to some other alternative, in going from R’ to R. That is, there exists
agent j and alternative y such that F'(R) R}y and yP;F(R’).

Recall that the candidate Nash equilibrium was m; = (F(R’), R, 0)
for all ¢ € N. However, consider the following unilateral deviation
announced by agent j: (y,anything, anything). Note then that the
resulting outcome is determined by rule (ii). Moreover, the outcome
implemented is y, because F(R')R}y. But this is great for agent j,
whose true preferences are R;, because yP;F(R'), thereby contradict-
ing the supposition that the candidate profile was a Nash equilibrium.
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In conclusion, the only Nash equilibrium outcome of the mechanism
G when the true preferences are R is F'(R). Since R was any arbitrary
preference profile, this shows that the SCF F' is Nash implementable
and the proof is complete. Q.E.D.

5. Comments on Maskin’s Theorem

Maskin’s theorem provides an almost complete characterization of the
SCF’s that are Nash implementable. As such, it is a fundamental result
that gives the solution to the implementation problem when there is
complete information among the agents and they are assumed to play
optimally given what they expect the others to do. That is, agents are
assumed to play according to a Nash equilibrium, in which actions and
expectations confirm each other. The expectations held by each agent
are correct given the equilibrium actions, and given those expectations,
the action taken by each agent is optimal.

It follows from the results proved in the previous section that, for
implementation problems involving at least three agents and in which
there is a private good, Nash implementability of an SCF is equivalent
to Maskin monotonicity. This result allows implementation theory to
move beyond the impossibility theorem of Gibbard and Satterthwaite.
For example, as already argued earlier in this chapter, there are inter-
esting classes of economies in which the competitive SCF will be Maskin
monotonic, and therefore, in those domains it is Nash implementable.

As pointed out in the proof of the sufficiency part of the theorem, the
requirement of there being at least three agents is used in the canonical
mechanism. Indeed, the case of Nash implementation for two agents
requires an additional condition. The reason is simple: it is easier to
catch a liar in a community of at least three agents (by pointing fingers
at the liar) than in one of only two (“my word against yours”).

In cases where there is no private good, it is not possible to bribe
people, for example, by offering more money. Then, to preserve Maskin’s
Theorem 2, the requirement of weak no veto on the SCF must be added.
This requirement says that if at least n — 1 individuals agree that an
alternative is top-ranked, the SCF should choose it. It turns out that,
while weak no veto is not necessary for Nash implementability, it is
sufficient, together with Maskin monotonicity, for problems where there
is no private good.

Finally, we are presenting this material for single-valued SCF’s, for
which a single alternative is picked out for each preference profile. The
theory can be extended to multi-valued SCF’s. A multi-valued SCF is
called a social choice correspondence. Maskin’s theorem continues to
apply. For it, the condition of Maskin monotonicity must be adapted as
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follows: if z is one of the alternatives chosen by the SCF F' for preferences
R and there is a monotonic change of preferences around z from R to
R’, then z must continue to be one of the alternatives chosen by F at
profile R'. Also, the definition of Nash implementability now means
that one can find a mechanism such that, for each preference profile,
the set of its Nash equilibrium outcomes coincides with the set selected
by the SCF. With essentially the same proof as in the previous section,
one can show that for problems involving at least three agents and a
private good, a multi-valued SCF is Nash implementable if and only if it
satisfies Maskin monotonicity. It turns out that many correspondences
of interest satisfy Maskin monotonicity, including the Pareto optimality
correspondence, the core and a restriction of the Walrasian equilibrium
correspondence called the constrained Walrasian correspondence (see the
exercises section).

To illustrate the use of Maskin’s theorem, consider the exchange econ-
omy example that we saw earlier in this chapter, but now let’s add
a third agent. Recall that agent 1’s utility function is ui(z11,x12) =
xz11212 and his endowment is w; = (3,9). Agent 2’s endowment is
wa = (9, 3), but his utility function could be either ug (21, x22) = T212722
or vy (wa1, T22) = :):%1:):22. The new agent, agent 3, has a utility function
us(x31, x32) = min{xsy, r32} and his endowment is w3 = (8, 8).

You can check as an exercise that the only Walrasian equilibrium al-
location in each of the two possible economies is the same as before: as a
function of agent 2’s utility function, the equilibrium bundles for agents
1 and 2 are the ones given before, while agent 3 receives his endowment
bundle. You can also check that the only Nash equilibrium of the canon-
ical mechanism in each of the two possible economies has each agent re-
porting the true utility function of agent 2’s, the Walrasian equilibrium
allocation for the true economy, and the integer 0. This implements the
Walrasian bundle for each agent in each of the two economies.

Therefore, the Central Authority, by making the three agents send
messages using this mechanism, will be able to bring about the Walrasian
equilibrium allocation in each economy.

6. Limitations of Maskin Monotonicity and
Approximate Implementation

We have argued that some interesting SCF’s are Maskin monotonic,
but it is true that some are not. Therefore, given Maskin’s Theorem 1,
there will be limits to the success of Nash implementability. For instance,
consider the following example, taken from the First Book of Kings in
the Bible.
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The wise King Solomon was presented with the following implemen-
tation problem (1st Kings, chapter 3, verses 16-28). Two women, whom
we shall call A and B, each claim to be the true mother of one baby.
King Solomon, the Central Authority, wants to implement the SCF that
allocates the baby to its true mother. However, he does not know who
the true mother is.

Let’s model the problem as follows. Following the Bible story, suppose
that there are three possible alternatives: a (the baby is allocated to
woman A), b (the baby is allocated to B) and ¢ (the baby is divided
with a sword, with half given to A and the other half to B).

Of course, the true mother does not want to see her baby cut in half.
The true mother views ¢ as the worst outcome, but the false mother
does not. We assume that the preference profile corresponding to A
being the true mother is R = (R4, Rp), given by the following table (all
preferences are strict):

Py Pp
a b

a.

Similarly, preference profile R' = (R/;, R3) corresponds to B being the
true mother, given by the table below (again all preferences are strict):

.
S‘J@@U;Q

In our terminology, the SCF F' that King Solomon wants to implement
is the following: F(R) = a and F(R') = b. But now we claim that F
violates Maskin monotonicity. Indeed, since a = F(R) # F(R') = b,
for F' to satisfy Maskin monotonicity, it would be necessary that in the
preference change from R to R’ there is an agent i and an alternative
that has risen in R} with respect to a = F(R). But this agent is nowhere
to be found: for agent A, a is top ranked in both preference profiles, and
for B alternative a actually rises with respect to ¢ in going from Rp to
R'y. In other words, the preference change from R to R’ is a monotonic
change around a, and therefore, Maskin monotonicity would require the
social choice to stay put at a, but this does not happen.

It follows from the necessity part of Maskin’s theorem that the Solomonic
SCF F is not Nash implementable. That is, there does not exist any
mechanism that, making use of the complete information existing be-
tween the two women, has as its only Nash equilibrium outcome the



NASH IMPLEMENTATION 335

one recommended by the SCF F. In short, implementing the Solomonic
SCF is not trivial. It is impossible to do in Nash equilibrium.

Fortunately for Solomon, however, the false mother acted foolishly.
She announced her true preferences, with ¢ in the middle of her ranking
instead of at the bottom: “But the other [woman] said: ‘Let it be neither
mine nor thine, but divide it.” ” So, she gave herself away as the false
claimant, and then Solomon gave the baby to the true mother.

If the false mother had put ¢ at the bottom of her ranking, like the
true mother, Solomon would have failed as Central Authority. If both
women were fully strategic in playing the mechanism, Solomon could
not have accomplished his goal of allocating the baby to its true mother
since this SCF fails Maskin monotonicity.

One way out of the limitations imposed by Maskin monotonicity is the
approach of approximate implementation. To talk about approximate
implementation, we shall introduce lotteries over alternatives. That is,
if the set of alternatives is A = (ay,...,ar), we let (qi,...,qx) be a
lottery over alternatives. For j = 1,..., k, alternative a; is implemented
with probability g;. Of course, ¢ > 0 for j =1,...,k and Zle g = 1.
The interpretation is that the Central Authority may now use a random
device by which each alternative is implemented with some probability.

Instead of exact implementation, as we had so far, in which for each
preference profile R alternative F(R) € A was implemented with prob-
ability 1, we shall now speak of approzimate implementation: for any
arbitrarily small ¢ > 0 and for any preference profile R, alternative
F(R) is implemented with probability 1 — e.

To evaluate lotteries, we shall assume that agents have preferences
that can be represented by expected utility functions. The reader is re-
ferred to the relevant section of Chapter 1. In the present context, for
each agent i there exist numbers u;(a;) for each j = 1,...,k (agent
i’s utilities associated with each pure alternative), such that the utility
that agent i derives from a lottery | = (q1,...,qk) is its expected util-
ity, i.e., u;(l) = Zle q;jui(aj). Now recall that the indifference curves
corresponding to expected utility are parallel straight lines. As an illus-
tration, Figure 15.2 depicts the probability simplex for the case of three
alternatives (a1, as, az) and corresponding utilities u;(a1) = 2, u;(a2) =1
and w;(asz) = 0 according to preferences R;. For these preferences, the
indifference curve of level @ is the locus of points in the simplex whose
equation is 2¢q; + g2 = 4. Not surprisingly, the top ranked point in the
simplex is the degenerate lottery that puts all the weight on a;, while
the worst lottery is the degenerate one with all the weight on ags.

Figure 15.2 also shows an indifference map with different expected
utility preferences over lotteries. In it, ui(a1) = 4, u}(a2) = 3 and
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q2 A

a

as

Figure 15.2.

u,(ag) = 0, and we call these preferences R;. For them, the indifference
curve of level @ has the equation 4¢; + 3¢ = u.

Recall that, despite the fact that u; is a monotone transformation
of wu;, both utility functions do not represent the same preferences over
lotteries.

Now consider SCF’s whose range is the interior of the probability
simplex, i.e., SCF’s that assign to each preference profile R a lottery
F(R) that puts positive probability on each pure alternative. Therefore,
the point F'(R) cannot be on the sides of the probability simplex, but
must be contained in its interior. Now it is easy to see that any such
SCF satisfies Maskin monotonicity. To see this, it suffices to observe
that no preference change is a monotonic change around such F(R):
when preferences over lotteries change from R to R/, it is never the
case that the lower contour set of lotteries at an interior point F(R)
when preferences are R is contained in the lower contour set of the same
F(R) when preferences are R’. Therefore, Maskin monotonicity does
not impose any restriction on what F' should be for preferences R’.

But then, using Maskin’s theorem, we have established that if there
are at least three agents and a private good, every SCF whose range is in
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the interior of the probability simplex is (exactly) Nash implementable.
This implies that every SCF (even those whose range includes the sides
of the simplex) is approzimately Nash implementable. This is a very in-
sightful result, first discovered by Dilip Abreu, Arunava Sen and Hitoshi
Matsushima in two papers written independently in the late 1980°s. If
we allow approximate implementation, we obtain a universal possibility
result.

7.
1.

Exercises
In exchange economies where the initial endowment is (w;)ien, con-
sider the following SCF F. Let x* be a feasible allocation. Then,
let F(R) = x* if 2* is Pareto optimal when the preferences are R,
and F(R) = (w1, ...,wy,) otherwise. Is this SCF Maskin monotonic?
Provide a proof for your answer.

. Recall the Groves-Ledyard mechanism of Chapter 8. This was pro-

posed in order to implement the allocation that satisfies the necessary
Samuelson condition of efficiency, and it was a self-funded mechanism.
Show that the SCF consisting of the described allocation rule satisfies
Maskin monotonicity.

Consider King Solomon’s problem. One alternative elaboration of the
story is the following (we say it is an elaboration because the Bible
does not describe the outcome that Solomon would have implemented
for every possible contingency that could have happened). Suppose
that Solomon thought first of using mechanism G = ((M;)i=4.B, 91):
where M; = {A, B} is simply a declaration of who is the true mother,
and the outcome function g; was:

a Ilustrate why this mechanism does not work to Nash implement
the Solomonic SCF. Specifically, find the Nash equilibrium out-
comes of the game induced by the mechanism when A is the true
mother and when B is the true mother.

b However, when he asked the women and the reports turned out
to be (fl, B), he was ready to implement outcome ¢ by turning
to his sword. Then, the true mother (say, A) changed her report
to B. Now, with both reports being B, Solomon did not use
the outcome function g;. Instead, he implemented gg(B ) B) =a.
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The Bible does not tell us the rest of the outcome function gs, but
perhaps woman B could appeal his wise decision: “eh! your Wise
Majesty is not using gq!” If this fact had been known before the
women sent their messages, a different strategic analysis would
have probably led to a different report profile. The problem of
course is that we are not given the complete description of the
mechanism that King Solomon was using.

So, complete the mechanism based on outcome function go as
follows:

92(A, A) = g2(B, B) = q;
g(A,B) = g2(B, A) = c.
Evaluate this mechanism from the point of view of implemen-

tation theory if one wishes to use it in order to implement the
Solomonic SCF.

4. Show that the weak Pareto correspondence of any implementation
problem satisfies Maskin monotonicity. (The weak Pareto correspon-
dence when preferences are R prescribes the set of all its weak Pareto
optimal alternatives, i.e., the set of feasible alternatives x such that
there does not exist another feasible alternative y that every agent
strictly prefers to x).

5. Show that the Pareto correspondence of any implementation problem
need not satisfy Maskin monotonicity. (The Pareto correspondence
when preferences are R prescribes the set of all its Pareto optimal
alternatives as defined in Chapter 2, i.e., the set of feasible alterna-
tives x such that there does not exist another feasible alternative y
that every agent weakly prefers, and at least one agent strictly prefers,
to ). Show, however, that in exchange economies with continuous
and monotone preferences the Pareto correspondence satisfies Maskin
monotonicity.

6. Recall the core, a solution concept introduced in Chapter 2, as the
set of coalitionally stable allocations of an exchange economy. Define
its weak version based on strict blocking (as we have just done in
exercise 4 for the Pareto correspondence). Show that the weak core
correspondence satisfies Maskin monotonicity.

7. Show that the correspondence that assigns to each exchange economy
the set of all its Walrasian or competitive equilibrium allocations
may violate Maskin monotonicity. On the other hand, define the
constrained Walrasian equilibrium correspondence as follows. Let A;
denote the set of bundles x; for agent ¢ such that for each good j,
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0 <xy; <> wij. Given prices p and agent i’s endowment w;, his
budget set B;(p) is the set of bundles z; > 0 such that p-x; < p- w;.
An allocation x is a constrained Walrasian equilibrium allocation if
Yo xi =y, w;and for each agent i x; maximizes i’s utility over
the set B;(p) N A;. Show that the constrained Walrasian equilibrium
correspondence satisfies Maskin monotonicity.

8. Appendix

This appendix establishes connections between the properties of independ-
ence-monotonicity and Maskin monotonicity. A version of independence-
monotonicity was used in Chapter 13 to prove a general version of Ar-
row’s impossibility theorem.

Notational preliminaries: A is the set of all alternatives. Alternatives
are x, v, z, etc. A is the set of subsets of A. A, B, C, etc. are subsets
of the set of all alternatives. R; is person i’s preference relation; P;
indicates strict preference for i. R = (Ri, Ro,...,R,) is a preference
profile. R, is a social preference relation; P indicates strict preference
for society. We assume that all the R;’s are complete and transitive. A
social preference relation R may or may not be complete and transitive.

Definitions: An Arrow social welfare function is a mapping from the
set of preference profiles into the set of social preference relations.

An Arrow social welfare function satisfies I — M (independence-mono-
tonicity) if the following holds:

For any pair of alternatives {z,y} and any pair of profiles R and R/,
if Py = x P!y for all i and yP/x = yPx for all 4, then Py = xPly.

A social choice function is a mapping from the set of preference profiles
into the set of all alternatives A. A generalized social choice function is
a mapping from the set of preference profiles x.A into A; in particular,
it takes a preference profile R and a subset A, and produces one element
of A.

We write F(R) for a social choice function, and F(R, A) for a gener-
alized social choice function.

We say a social choice function F(R) satisfies Maskin monotonicity
if for any pair of alternatives {z,y} and any pair of profiles R and R/,
if tR;y = xRy for all 4, then F(R) = z = F(R') = z. Given that
individual preference relations are assumed complete, ©R;y = xRy is
equivalent to yP/x = yP,xz. Therefore F(R) satisfies Maskin monotonic-
ity if for any pair of alternatives {z,y} and any pair of profiles R and
R, if yP/x = yPx for all i, then F(R) =z = F(R) = x.

We say that a generalized social choice function F'(R, A) satisfies
Maskin monotonicity if for any pair of alternatives {z,y} C A, and
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any pair of profiles R and R/, if yP/x = yP;x for all i, then F(R, A) =
x= F(R A) =x.

A generalized social choice function F(R,A) can be used to define
a strict social preference relation Ps as follows: Say xPsy whenever
F(R,{z,y}) = x. We'll call P; the social preference relation induced
by F(R,A). Such a social preference relation can be generated for any
preference profile R. The rule that transforms preference profiles into
social preference relations in this fashion will be called the Arrow social
welfare function induced by F(R, A).

Proposition 1. Suppose the generalized social choice function F'(R, A)
satisfies Maskin monotonicity. Then the Arrow social welfare function
induced by F satisfies I — M.

Proof. Suppose for any pair of alternatives {z,y}, and any pair of
profiles R and R/, the following holds:

(a) zPyy = x Py for all i and
(b) yP/z = yPx for alli.

We need to show zPsy = xPly for the induced strict social prefer-
ence relations P; and P.. Let z Py, i.e., F(R,{x,y}) = z. We want
to show that Py, i.e., F(R {z,y}) = x.

At the preference profile R’ restricted over the pair {z,y}, for any
individual ¢, either R}y or yP/x. But in the latter case, yP;z, by (b)
above. Thus, restricted over the pair {z, y}, the change in preferences
from R to R’ has been a monotonic change around z: alternative y
has not become strictly better than x for any agent i at the profile
R’. Thus, since the generalized social choice function satisfies Maskin
monotonicity, F'(R',{z,y}) = x. Therefore, the Arrow social welfare
function induced by F satisfies I-M. Q.E.D.

We now turn to a near converse proposition.

We will now restrict our attention to Arrow social welfare functions
that map into the set of complete, transitive and strict social preference
relations. Let Ps; be the social preference relation produced by such
an Arrow social welfare function. Then, A has a unique top-ranked
alternative under P;, that is, there is an x such that z P,y for all y # z
in A.

We define the social choice function F(R) induced by the Arrow social
welfare function by F(R) = x, where x is the top-ranked alternative
under F;.
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In the proposition that follows, we also assume A is the set of allo-
cations in an exchange economy, and we make the assumptions that we
had made in Chapter 3 regarding individuals’ preferences. That is, we
assume that all the individuals have continuous, monotonic, and self-
interested preferences.

Proposition 2. Let A be the set of allocations in an exchange economy.
Suppose an Arrow social welfare function maps into the set of com-
plete, transitive and strict social preference relations. Let F'(R) be
the induced social choice function. Assume the Arrow social welfare
function satisfies I-M.

Then, F'(R) satisfies Maskin monotonicity.

Proof. Suppose that F(R) = x, which means that zPsy for all y # z.
Now suppose that there is a monotonic change of preferences around
x. That is, we consider a preference profile R’ such that for all agents
i and all y, yPlz = yPu.

We argue by contradiction. Suppose that F' does not satisfy Maskin
monotonicity. This means that F(R') = z # z. By the definition of
F, this implies that zP,z. And of course, it was the case that xP;z.

Because the Arrow social welfare function satisfies I-M, one of the

two premises in the definition of I-M (i.e., xP;z = x P}z for all 7, and
zP!x = zP;x for all ) must not hold. Therefore, either

[a] 2P,z and zR}x for some individual ¢, or
[b] zP/x and xR,z for some i.

However, case [b] is impossible because the preference change from R
to R’ has been a monotonic change around z. So the only possibility
is case [a]. But in exchange economies with continuous, monotonic
and self-interested preferences, this case is also impossible, because it
would imply that we can find another alternative z arbitrarily close
to z such that Pz and ZP/x, which would also contradict our as-
sumption that the preference change has been monotonic.

Thus, both cases are impossible and the proof is complete. Q.E.D.
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