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PIVOTAL STATISTICS FOR TESTING STRUCTURAL PARAMETERS
IN INSTRUMENTAL VARIABLES REGRESSION

By FRANK KLEIBERGEN!

We propose a novel statistic for conducting joint tests on all the structural parameters
in instrumental variables regression. The statistic is straightforward to compute and equals
a quadratic form of the score of the concentrated log-likelihood. It therefore attains its
minimal value equal to zero at the maximum likelihood estimator. The statistic has a
x? limiting distribution with a degrees of freedom parameter equal to the number of
structural parameters. The limiting distribution does not depend on nuisance parameters.
The statistic overcomes the deficiencies of the Anderson-Rubin statistic, whose limiting
distribution has a degrees of freedom parameter equal to the number of instruments,
and the likelihood based, Wald, likelihood ratio, and Lagrange multiplier statistics, whose
limiting distributions depend on nuisance parameters. Size and power comparisons reveal
that the statistic is a (asymptotic) size-corrected likelihood ratio statistic. We apply the
statistic to the Angrist-Krueger (1991) data and find similar results as in Staiger and Stock
(1997).
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1. INTRODUCTION

STATISTICAL INFERENCE IN INSTRUMENTAL VARIABLES (IV) regression mod-
els crucially depends on the quality of the instruments. When the quality of the
instruments is poor, the limiting distributions of the likelihood based statistics,
Wald, likelihood ratio, and Lagrange multiplier, that test joint hypotheses on all
structural parameters of the IV regression model, depend on nuisance param-
eters; see e.g. Bekker (1994), Dufour (1997), Phillips (1989), Staiger and Stock
(1997), and Wang and Zivot (1998). Bad instruments therefore not only lead to
imprecise estimates of the structural parameters but also imply that the standard
statistics, that we use to assess these estimates, are unreliable. A statistic whose
limiting distribution is robust to instrument quality is the Anderson-Rubin (AR)
statistic; see Anderson and Rubin (1949). A deficiency of the AR statistic is, how-
ever, that the degrees of freedom parameter of its limiting distribution is equal
to the number of instruments. Hence, when the number of instruments strongly
exceeds the number of structural parameters, which commonly occurs in applied
work (see e.g. Angrist and Krueger (1991)), the AR statistic has low power.
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been funded by the NWO Vernieuwingsimpuls research grant “Empirical Comparison of Economic
Models.”

1781



1782 FRANK KLEIBERGEN

We propose a statistic, which we refer to as the K-statistic, that remedies the
drawback of the AR statistic without the loss of the nuisance parameter-free lim-
iting distribution. Instead of projecting the disturbances of the structural equation
on all instruments, as in the AR statistic, the K-statistic projects these disturbances
on an IV estimate of the endogenous variables that belong to the structural param-
eters. Under the hypothesis of interest, this estimate is asymptotically independent
of the disturbances of the structural equation. Irrespective of the quality of the
instruments, the K-statistic has therefore a y? limiting distribution with a degrees
of freedom parameter that is equal to the total number of structural parameters.
This limiting distribution is robust to various kinds of asymptotic theory that we
use to analyze it. Hence, the same limiting distribution is obtained under regular
asymptotics and the weak instrument asymptotics that is used in the literature to
analyze the sensitivity to the specification of the instruments; see e.g. Staiger and
Stock (1997). The limiting distributions of the likelihood-based statistics depend
on nuisance parameters when we analyze them using the latter kind of asymptotic
theory.

The K-statistic is a quadratic form of the score of the concentrated log-
likelihood. The limited information maximum likelihood (LIML) estimator sets
the score to zero. The minimal value of the K-statistic is therefore attained at
the LIML estimate and equals zero. Hence, confidence sets that result from the
K-statistic are never empty and contain the LIML estimate at every significance
level. The K-statistic thus leads to a more robust kind of statistical inference in
IV regression models that is centered around the LIML estimator.

Sensitivity to instrument quality is not only a property of the limiting distri-
butions of likelihood based statistics but also of their finite sample distributions.
This is revealed by a comparison of the sizes of these statistics, and others, at
their asymptotic critical values in finite samples. For the data generating pro-
cesses that we consider, the likelihood ratio and 2SLS ¢-statistic become size
distorted when the number of instruments increases and/or the instrument qual-
ity is poor. The AR and K-statistics do not have these size distortions. The size
comparison allows us to construct size-corrected critical values that we use in a
power comparison of the different statistics. The power comparison reveals that
we have (implicitly) proposed a way of size-correcting the likelihood ratio statis-
tic. This results as the power curves of the size-corrected likelihood ratio statistic
and the K-statistic are almost identical. We therefore consider the K-statistic as
a size-corrected likelihood ratio statistic.

The paper is organized as follows. Section 2 contains a brief introduction of
the IV regression model. In Section 3, we propose the K-statistic and show that
its limiting distribution is robust to various kinds of asymptotic theory. We reveal
that the K-statistic is a quadratic form of the score of the concentrated likelihood
so it attains its minimal value at the LIML estimator. Section 4 mentions the
different shapes of the confidence sets that can result when we use the K-statistic
to construct them. Section 5 discusses the size and power comparison. Section 6
contains an application to the Angrist-Krueger (1991) data. Finally, the seventh
section concludes.
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We use the following notation throughout the paper: vec(A) stands for the
(column) vectorization of the T x n matrix A, vec(A) = (a)...a,), when A =
(ay...a,). Py= A(A'A)~'A is a projection on the columns of the full rank
matrix A and M, = I, — P, is a projection on the space orthogonal to 4. Con-
vergence in probability is denoted by “—P>” and convergence in distribution by

« 2

— .
d

2. INSTRUMENTAL VARIABLES REGRESSION MODEL

The IV regression model in structural form can be represented as a limited
information simultaneous equation model (see e.g. Hausman (1983)),

y=YB+Zy+e,

(1)
Y=XIO+ZI+V,

where y and Y are a T x 1 and T x m matrix of endogenous variables, respec-
tively, Z is a T x k, matrix of included exogenous variables, X is a T x ky matrix
of excluded exogenous variables (or instruments), € is a 7 x 1 vector of struc-
tural errors, and V' is a T x m matrix of reduced form errors. The m x 1 and
k; x 1 parameter vectors 8 and y contain the structural parameters. The k, x m
and ky x m parameter matrices I" and II contain the parameters of the second
set of equations, which are in reduced form. The matrix (X Z) is assumed to be
of full column rank. In order to be able to construct limiting distributions, we
make assumptions with respect to the disturbances, £ and 1/, and the exogenous
variables, X and Z; see e.g. Staiger and Stock (1997).

ASSUMPTION 1: When the sample size T converges to infinity, the following con-
vergence results hold jointly:

a. (1/T) (e V) (e V) —P>2, with 3 a positive definite (m+ 1) x (m + 1) matrix
and

e (% . [ .
EZ(UV s ) o, 1x1, o,=0,:1xm, 3,,:mxm.
&

b. (1/T)(Z X) (Z X) -0, with Q a positive definite k x k matrix,

_(Qzz Ozx
Q_<QXZ QXX)’

Qzzikzxky, Qzx=0%z:kzxky, QOxx:ikyxky.

L ! N lp e ‘Jj :
¢ (ZX) (V) ( e %Z(;), with

Upe ik, x1, Yy, ihkyx1, Yy ik, xm, Yy, kyxm,
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and

¢/Zs (7[12 ~
vec ((T,/XS lffXIV/) N(0,>¥®0).

We can adapt the moment matrices in Assumption 1 to account for serially
correlated errors. Assumption 1 can also straightforwardly be extended to allow
for deterministically trending variables. For expository purposes, we refrain from
these extensions. Assumption 1(c) implies that the variables in X and Z are
uncorrelated with € and V/, and are therefore weakly exogenous for 8 and II;
see Engle, Hendry, and Richard (1983).

We assume that k , is larger than or equal to m such that the structural param-
eter vector 3 is “apparently” identified by the order condition. We call the model
just-identified when k, is equal to m and the model over-identified when k
exceeds m. The degree of over-identification is then equal to ky —m. The param-
eter B is identified if and only if rank(II) = m.

We focus on the parameter 8 in our analysis. We can therefore simplify the
presentation of the results without changing their implications by setting y =0
and I' = 0 such that Z drops out of the model. In what follows, we let k = k
denote the number of instruments. The analytical results for § in this simplified
case carry over to the more general case where y # 0 and I" # 0 by interpreting
all data matrices as residuals from the projection on Z.

3. K-STATISTIC FOR TESTING THE STRUCTURAL PARAMETERS
3.1. The Asymptotically Pivotal AR and K-statistics

A well-known statistic for testing a hypothesis H, : 8 = B,, that is specified on
all the structural parameters of the endogenous variables, is the Anderson-Rubin
(AR) statistic (see Anderson and Rubin (1949)),

%(y —YBy) Px(y—YBy)
(Y =YB) My (y—YBy)

The AR statistic converges, under H, and Assumptions 1(a)—(c), in distribution
to 1/k times a y?(k) distributed random variable. This limiting distribution does
not depend on nuisance parameters so the AR statistic is asymptotically pivotal.
Under independently and identically distributed normal errors, the AR statistic is
pivotal and has an exact F(k, T — k) distribution. A deficiency of the AR statistic
is that the degrees of freedom parameter of its limiting distribution is equal to
the number of instruments, k. This number is larger than or equal to the number
of elements of B,, m. The AR statistic has therefore low power when the degree
of over-identification is large. We propose a statistic, which we refer to as the
K-statistic, that overcomes this deficiency,

(- YBO)/PT/(BU)(Y —YBy)
ﬁ()’ —YBy) Mx(y—YB) ’

2 AR(By) =

®) K(By) =
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where

Y (By) = XII(B,).

1 v sV(BO)
(8 = (') X[Y (v YBy) %(Ba}
5::(Bo) = (y YBO) My(y—YB,),

aV(BO)_ 1 (y YBy)MyY

Instead of projecting (y—Yf3,) on the k columns of X, such as in the AR statistic,
the K-statistic projects (y — Y3,) on the m columns of XII(f). Under H,: B =
By, I1(B,) is both a consistent estimator of IT and asymptotically independent of
(¥ —YBy)'X. Because of this asymptotic independence, the K-statistic converges
under H, to a y*(m) random variable regardless of whether 7] (By) is consistent
or VTII (By) converges to a random variable. Since X I (By) has only m columns,
the degrees of freedom parameter of the limiting distribution of the K-statistic is,
unlike the degrees of freedom parameter of the limiting distribution of the AR
statistic, equal to the number of elements of 3,, m. Theorem 1 states the limiting
behavior of the K-statistic for different limiting sequences of the reduced form
parameter II; see e.g. Staiger and Stock (1997).

THEOREM 1: Under H,, : B = 3, and Assumptions 1(a)—(c), the K-statistic (3)
converges in distribution to a x*(m) random variable when:
(i) the instruments are valid such that I1 has a fixed full rank value;
(ii) the instruments are weak such that IT = IT; = (1/~/T)C with C a fixed full
rank k x m matrix;
(iii) the instruments are invalid such that I = 0.

PROOF: See the Appendix.

Theorem 1(i)—(ii) assume fixed full rank values of II and C respectively.
Theorem 1(iii) shows that the same limiting distribution of the K-statistic is
obtained for a zero value of II. The full rank Assumptions in Theorem 1(i)—(ii)
are therefore not necessary and it can be shown that the same limiting distri-
bution is obtained for any fixed value of IT and C respectively. For reasons of
brevity, we refrain from explicitly showing these results.

The K-statistic differs from the likelihood based statistics, Wald, likelihood
ratio, and Lagrange multiplier, to test H, that do not have y*(m) limiting dis-
tributions under the assumptions in Theorem 1(ii)—(iii); see e.g. Dufour (1997),
Phillips (1989), Staiger and Stock (1997), and Wang and Zivot (1998). The
assumptions in Theorem 1(ii)—(iii) concern the specification of the parameter 11
that is associated with the instruments. The limiting distribution of the K-statistic
is robust to the specification of II. This results because the estimator of IT that
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is involved in the K-statistic, IT (Bo), is such that the K-statistic converges under
H, to a x*(m) random variable regardless of whether 7] (By) is consistent or
JTII (B,) converges to a random variable. The likelihood based statistics involve
estimators of I1, say 11, that are > such that their limiting distributions depend on
nuisance parameters when /711 converges to a random variable. This occurs
under the assumptions in Theorem 1(ii)—(iii).

Theorem 1(ii) considers a limiting sequence of I where I1 is modelled as
local-to-zero. We refer to this limiting sequence as weak instrument asymptotics;
see Staiger and Stock (1997). Staiger and Stock (1997) show that weak instrument
asymptotics leads to limiting distributions of estimators for 8 that often provide
a more accurate approximation of the finite sample distribution than the limiting
distributions that result from the standard asymptotics, which assume a fixed full
rank value for I1. Another kind of limiting sequence, to which we refer as many
instrument asymptotics, is considered in Bekker (1994). Under the many instru-
ment asymptotics, the number of instruments and observations jointly converge to
infinity in such a manner that their ratio, k/T, converges to a constant fraction 7
that lies between zero and one. The many instrument asymptotics also maintains

77/

a fixed value of (1/7)Y,} II'X' X I1%,,;,, which equals the concentration param-
eter divided by 7, that should be considerably large. Bekker (1994) constructs
the limiting distributions of estimators of (3 that result from the many instru-
ment asymptotics. These limiting distributions also often provide a more accurate
approximation of the finite sample distribution than the limiting distributions that
result from standard asymptotics. Bekker and Kleibergen (2001) obtain the lim-
iting distribution of the K-statistic under the many instrument asymptotics and

show that it depends on the value of (1/ T)Z;I%,/H 'X'X11%,}. For considerable
values of (1/T)3, 2 IT'X' X IT EVV, the K—StatIStIC still converges to a x 2(m) ran-

dom variable but for zero values of (1/T)2VVH X' XHZVV, (1—7) times the
K-statistic converges to a y?(m) random variable, where 7 is the constant frac-
tion between zero and one to which k/T converges. These two separate cases
constitute upper and lower bounds on the hmltlng distribution of the K-statistic

-4

for unknown values of (1/7)%,; IT'X' X II ZVV under many instrument asymp-
totics; see Bekker and Kleibergen (2001).

The K-statistic is identical to the AR statistic in case of just identification
when k is equal to m. As with the AR statistic, the K-statistic is invariant to
transformations of y and Y that preserve the specification of the null-hypothesis,
H,: B =B,. For example, when y*=ya and Y*=YD+yb,witha:1x1,b:1xm,
and D : m x m and nonsingular, and we use y* and Y* instead of y and Y to
calculate K(6,) with

a

§y=—— D!
" 14+bD-1B, Po-

K(8,) is identical to K(f3,) that is calculated using y and Y.
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3.2. The K-statistic, Lagrange Multiplier Statistic, and the LIML Estimator

We analyze the relationship between the K-statistic and the score or Lagrange
multiplier (LM) statistic to test H, : 8 = 8, that is based on the concentrated
log-likelihood of B under independent normal disturbances with a fixed covari-
ance matrix,

] 1 k
4) log £(By|X,Y) —ETlog <1 + mAR(BO));

see e.g. Anderson and Rubin (1949) and Hausman (1983). The LM statistic
equals the quadratic form of the score, or first order derivative, with respect to
the information matrix; see e.g. Engle (1984). To obtain the expression of the
LM statistic, we therefore construct the score and the information matrix.

)

The score of the concentrated log-likelihood reads

dlog £(B|1X,Y)
B

©) =—1T—k(1+ K AR(/SO)> l(aAR(B)

2T—k B

Bo

1 !
BETC IS 7RI R

o]

where s, (B,) and s, (B,) are defined below equation (3), |4, stands for evaluated
in B, and

JAR(B)

© B

T_k( (y—YBy)'PyY
k (y=YBo) Mx(y—Ypy)
_ (y=YB) Px(y—YBy)(y— YBU),MXY>
[(Y=YBy) Mx(y—YBy)I*
SsV(BO):|.
See (Bo)

Bo

1
See (BO)

T YR P Y =0 YB)

The score (5) shows that the K-statistic is a quadratic form of it. The LM
statistic is also a quadratic form of the score but with respect to the informa-
tion matrix. The expression of the information matrix that would make the LM
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statistic identical to the K-statistic is>

B 1 o S (Bo) )’

o e 0)_%(y—Yﬁo)'<y—Yﬁo)(Y 0= Y8 55)
e Sev (Bo)
(v -0 -ve0 g5

This expression of the information matrix is, however, not identical to the infor-
mation matrix for 8 that results from the concentrated log-likelihood; see Zivot,
Startz, and Nelson (1998) for an expression of the information matrix that results
from the concentrated log-likelihood. It is also not equal to the elements of the
inverse of the joint information matrix of (8, I, o,,, 0., >,) that belong to
B. The K-statistic is therefore, just like the LM statistic, a quadratic form of the
score but not with respect to the information matrix. This difference explains
why the limiting distribution of the K-statistic applies more generally than the
limiting distribution of the LM statistic.

Since the K-statistic is a quadratic form of the score of the concentrated
log-likelihood, it is equal to zero at the minimum and maximum of the con-
centrated log-likelihood. The minimum of the concentrated log-likelihood is
uniquely attained at the LIML estimator of 8. The K-statistic is therefore equal
to zero at the LIML estimator. The zero value of the K-statistic that is attained
at the maximum of the concentrated log-likelihood leads to the maximal value of
the AR statistic. When we apply the K-statistic, we check whether small values
of it are caused by the minimum or maximum of the concentrated log-likelihood.

4. CONFIDENCE SETS

Confidence sets for 8 can be constructed with the K-statistic by usage of
sequences of strictly increasing values for each element of 8. For example, for the
ith element of B, B;, a sequence couldbe B, | <---<B; ,,i=1,...,m. These m
sequences specify an m dimensional grid that contains n™ different values of 3,.
For each of these n™ different values of 8,, we test the hypothesis H,, : 8 = f3,
with the K-statistic, K(B,). A specific value of B, is within the (1 —a)100%
asymptotic confidence set when the asymptotic p-value of K(B,) exceeds a. For

2 We note that this expression of the information matrix leads to an expression of the LM statistic
that is equal to

Sez(89)
%(y -YBy) (y—YB,)

Under H, : B = 8,,

K(Bo)-

Seo(By) 1
T —
?(Y =YB)(y—YBy) *

such that both statistics converge to the same limit. We use this expression of the information matrix
because it is more straightforward to interpret.
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an appropriate choice of the m sequences, we obtain the (1 — a)100% asymp-
totic confidence set for B that results from the asymptotically pivotal K-statistic.
For the construction of these (1 —a)100% asymptotic confidence sets, we dis-
card values of 3, with asymptotic p-values that exceed « that are caused by the
zero value of the K-statistic that results from the maximum of the concentrated
log-likelihood. We achieve this by discarding finite subsets that do not contain
the LIML estimator.

Confidence sets that result from asymptotically pivotal statistics are known to
have peculiar shapes in some cases that differ from the standard convex asymp-
totic (1 — a)100% confidence sets; see e.g. Dufour (1997) and Zivot, Startz, and
Nelson (1998). As well as finite convex confidence sets, possible shapes that can
occur are infinite and nonconvex confidence sets.

The K-statistic attains its minimal value, which equals zero, at the LIML esti-
mate of 8. The (1 —a)100% asymptotic confidence sets that are constructed using
the K-statistic therefore always contain the LIML estimate of 8. The confidence
sets that result from the K-statistic can thus not be empty. Under weak instru-
ment asymptotics, the limiting distribution of the LIML estimator is similar to
its finite sample distribution; see Staiger and Stock (1997). Since the finite sam-
ple distribution of the LIML estimator depends on unknown nuisance parame-
ters (see e.g. Mariano and Sawa (1972) and Kleibergen (2000)), also the limit-
ing distribution of the LIML estimator under the weak instrument asymptotics
depends on nuisance parameters. This hampers the construction of valid asymp-
totic confidence sets based on the LIML estimator. The limiting distribution of
the K-statistic is, however, robust to weak instrument asymptotics. The K-statistic
therefore offers a convenient approach to construct valid confidence sets that
always contain the LIML estimate of 8. The AR statistic also attains its mini-
mum at the LIML estimate of 8. The minimum of the AR statistic is, however,
strictly larger than zero so there is a significance level at which the AR statistic
rejects all possible values of 8. Confidence sets that result from the AR statistic
can therefore be empty and do not always contain the LIML estimate of 3; see
e.g. Dufour (1997) and Staiger and Stock (1997).

5. SIZE AND POWER COMPARISON

We conduct size and power comparisons of the K-statistic with other statistics
that are frequently used in practice. We compare the K-statistic to the AR statis-
tic, the 2SLS ¢-statistic, the likelihood ratio statistic under independent normal
errors with a fixed covariance matrix, a split-sample statistic, and Bekkers LIML
statistic; see Bekker (1994). Before we discuss the size and power properties
of these statistics, we first briefly mention the split-sample statistic and Bekkers
LIML statistic and specify the data generating process (DGP) that we use to
analyze size and power.
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5.1. Statistics

Split-Sample Statistic.  Dufour and Jasiak (2001) propose a split-sample statis-
tic that divides the sample into two parts. Part one,

(8) yl=Y13+81’

Yi=X\1I1+V,,
where y, : ) x 1, T} < T,y=( y5), e.: 1 x1, e=(&y &), Y, : Ty xm, Y =
YY), Vi:Tyxm, V=W V)),and X, : T} xk, X = (X| X})’; is used to
construct the least squares estimator of IT, IT = (X|X,)™' X|Y;. Part two,

(9) yZZYZB—i_SZ’

Yz = XzH + Vz,
is used to test Hy : B = B,. By letting 7} and T jointly converge to infinity,
Il can be shown to be a consistent estimator of II. Furthermore, when &,

is not correlated with V/, (\/Tl)(ﬁ — II) is asymptotically independent from
(1/y/T —T)) X}e,. The split-sample statistic (see Dufour and Jasiak (2001))

(- Yzﬁo),szﬁ(h - Y28)

10 SS(By) =
(10) (Bo) T,;rk (v = Y2B0) My, i (v, — Y2By)

has then, under H, : B = B, and Assumptions la-c, a y?(m) limiting distribution
regardless of the value of II.

Bekkers LIML Statistic. Bekker (1994) constructs an estimate of the asymp-
totic variance of the LIML estimator, BLIML, that is consistent under the many
instrument asymptotics. Under the many instrument asymptotics and H; : 8 = 3,
VT — m(ﬁUML — B,) has a normal limiting distribution with mean zero and an
asymptotic variance that is consistently estimated by

(11) avar(Bi) = 62,8y} (Cyy + Dyy) By
(see e.g. Bekker (1994) and Hahn and Inoue (1999)), where

. 1 . ) R
G2 = m(y —YBume) (V=Y Brn)s

(y— Y:AéLIML),PX(y - YB;LIML)
(y=YBrm) Mx(y =Y Brime) ,

)‘(ﬁALIML) =
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and Byy, Cyy, and Dy are m x m matrices that are specified as

1 , A /
BYY = m[y PXY_)\(BLIML)Y MXY]’

| A
CYY — [Y/PXY _ _ A(BLIML) _
(12) T—m (Y=Y Brwe) Mx(y =Y Brow)

xY'My(y— YéLIML)(y - YBALIML)/MX Yi| »

Dyy=A(Bum)[Cyy — Byy]-
Bekkers LIML statistic to test the hypothesis H,, : 8 = B, reads:

avar (B )

(13) BLIML(B,) = (BALIML - Bo)/( T _m ) (.éLIML = Bo);

and has a standard y*(m) limiting distribution under the many instrument asymp-
totics.

5.2. Data Generating Process

We use the DGP,

y=YB+¢
(14)

Y=Xm+V,
with m=1, T=100, y, Y:Tx1, X:Txk, (¢ V)~N0,31;); X ~
NO, I, &I), m:kx1, #m=(m---m), my=---=m, =0, B=0,

1 0.99
3= ;
0.99 1

for values of 7, equal to 0.1, i.e. a weak instrument, and 1, i.e. a valid instrument,
and values of k equal to 1, 5, and 20. The data that we generate from DGP
(14) therefore only differ over the value of 7, and are the same for the different
values of k. Hence, for a fixed 7, we only add superfluous instruments to the
model when we increase k and the concentration parameter o, 7' X' X is kept
constant. Also the generated endogenous variables remain the same ones. In
this manner, we visualize the robustness of the statistics to adding superfluous
instruments. This increase of k is intended to capture the effect of the many
instrument asymptotics. The specification of the covariance matrix 3 implies that
y and Y are strongly endogenous.

5.3. Size Comparison

Tables I and II contain the observed sizes of the statistics at the 10, 5, and 1%
asymptotic critical values. The sizes are computed using 10000 simulations from
DGP (14). We use three different versions of the split-sample statistic (10), one
with T; =25 (SS1), one with 7; =50 (SS2), and one with 7; =75 (SS3). The other
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TABLE I
SI1ZES (IN PERCENTAGES) OF DIFFERENT STATISTICS THAT TEST
H, : B =B, FOR DGP (12) WITH 7, = 1 USING 10, 5, AND 1%
ASYMPTOTIC CRITICAL VALUES (ACV)

m =1
k=1 k=5 k=20

ACV 10 5 1 10 5 1 10 5 1

SS1 100 53 11 101 54 1.2 101 5.2 1.2
SS2 110 60 14 102 58 14 107 5.8 1.4
SS3 125 72 20 123 72 19 120 7.0 1.9
AR 98 53 11 101 49 09 101 4.6 1.4
K 98 53 11 99 54 11 9.9 53 1.0
LR 102 56 12 118 68 1.2 205 137 5.6
BLIML 99 52 1.6 9.8 52 1.6 9.7 5.2 1.6
2SLS 99 52 16 135 86 32 507 404 231

statistics considered are the AR (AR), K (K), likelihood ratio (LR), Bekkers
LIML statistic (BLIML), and the 2SLS ¢-statistic (2SLS). Table I contains the
sizes for the case of valid instruments, 7; = 1, while the instruments are weak in
Table II, 7, =0.1.

Table I shows that the likelihood ratio and 2SLS #-statistic become size dis-
torted when the number of instruments increases even in the case of valid instru-
ments. This occurs because the limiting distributions of these statistics are not
robust under the many instrument asymptotics; see Bekker (1994). For all the
other statistics, the asymptotic and observed sizes more or less coincide, which
is in line with their robustness under the many instrument asymptotics with a
considerable value of (1/T)oy, ), 7 X' X

Table II shows that the likelihood ratio, Bekker’s LIML statistic, and the 2SLS
t-statistic are size distorted when the instruments are weak. For Bekker’s LIML

TABLE II

SIZES (IN PERCENTAGES) OF DIFFERENT STATISTICS THAT TEST
H, : B =B, FOR DGP (12) wiTH 7, = 0.1 USING 10, 5, AND 1%
ASYMPTOTIC CRITICAL VALUES (ACV)

m =0.1
k=1 k=5 k=20
ACV 10 5 1 10 5 1 10 5 1
SS1 100 53 1.1 105 45 11 10.5 5.2 1.1
SS2 109 6.0 14 109 6.0 14 11.4 6.0 1.5
SS3 125 73 20 11.7 64 1.6 11.8 6.7 1.6
AR 98 54 1.0 105 49 09 10.7 5.3 1.2
K 9.8 54 1.0 99 52 1.0 10.5 5.7 1.2
LR 102 56 12 130 75 20 280  20.0 12.8

BLIML 19.6 163 11.3 199 165 11.5 21.8 19.1 12.8
2SLS 19.6 163 11.3 915 89.1 83.6 100 100 100
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statistic and the 2SLS ¢-statistic this even holds in case of just identification
when kK = m =1 in which case they are numerically identical. This shows that
the assumption of a considerable value of (1/T)o},}, 7' X' Xar is important for
the limiting distribution of Bekker’s LIML statistic. The likelihood ratio statistic
becomes size distorted when the number of instruments increases. The size dis-
tortion of the 2SLS ¢-statistic in Tables I and II is so dramatic that we do not use
it for the power comparison.

5.4. Power Comparison

To conduct a power comparison of the different statistics, we generate 10000
datasets from DGP (14) for various values of 8 and compute the frequency of
rejecting H : B =0 using the 5% size-corrected critical value of the statistic under
H,. These size-corrected critical values result from the size comparison that we
conducted previously. For the statistics that revealed no size distortion, i.e. the
split-sample, AR, and K-statistics, we use the asymptotic critical values.

Figures 1-3 contain the power curves in the case of a valid instrument, 7, =1,
and values of k equal to 1, 5, and 20. Figures 4-6 contain the power curves in
the case of a weak instrument, 7, = 0.1, and values of k equal to 1, 5, and 20.

1

Rejection Frequency
o o o o o o o
w H (3] [} ~N @ ©

o
)

0.1

0 1 1 1 1 1 1 1
-0.4 -0.3 -0.2 -0.41 0 0.1 0.2 0.3 0.4

beta

FIGURE 1.— Power curves of K (solid), AR (dotted-dashed), LR (dotted), SS1 (dashed), and
BLIML (solid with plusses) statistics that test H,, : B = 0 for various values of 8 in DGP (14) with
m=1and k=1.
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FIGURE 2.— Power curves of K (solid), AR (dotted-dashed), LR (dotted), SS1 (dashed), and
BLIML (solid with plusses) statistics that test Hy, : 8 =0 for various values of B8 in DGP (14) with
m,=1and k =5.

The figures contain the power curves of the AR, K, BLIML, LR and the most
powerful split-sample statistic, which is SS1 in Figures 1, 2, 4, 5, and SS2 in
Figures 3 and 6. Because of the enormous size-distortion of the 2SLS ¢-statistic
in Tables I and II, the 2SLS ¢-statistic is not reported.

We conclude from the figures that: (i) The power curve of the K statistic is
nearly identical to the power curve of the LR statistic when we use its size-
corrected critical value. (ii) The power of the AR statistic decreases when the
number of instruments increases (for k = 1, Figures 1 and 4, the AR and K-
statistics are identical). (iii) The power of the split-sample statistic is always (con-
siderably) dominated by the power of the K-statistic. (iv) The BLIML statistic
has typically good power properties but involves a size-corrected critical value.
Because of the close resemblance of the power-curves of the LR, with the size-
corrected critical value, and K-statistics, we consider the K-statistic as a (asymp-
totic) size-corrected LR statistic.

6. APPLICATION TO THE ANGRIST-KRUEGER DATA

Angrist and Krueger (1991) analyze the return of education on earnings. They
use quarter of birth or quarter of birth interacted with other (dummy) variables
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Rejection Frequency

beta

FIGURE 3.— Power curves of K (solid), AR (dotted-dashed), LR (dotted), SS1 (dashed), and
BLIML (solid with plusses) statistics that test H,, : B = 0 for various values of 8 in DGP (14) with
m, =1 and k = 20.

as instruments in the earnings equation. These quarter of birth related variables
can serve as instruments since the quarter of birth is randomly distributed over
the population. Because of the age at which a person enters school and state-
dependent compulsory school attendance laws, the quarter of birth does, how-
ever, affect the educational attainment. We use the “men born between 1930-39”
part of the Angrist and Krueger (1991) dataset, which gives us 329.509 observa-
tions. This part of the dataset is also analyzed by Staiger and Stock (1997). Our
dataset contains five variables, i.e. year of birth, state of birth, quarter of birth,
years of education, and log-earnings; we lack observations on the variables: race,
standard metropolitan statistical area, region and married, that are also used by
Angrist and Krueger (1991) and Staiger and Stock (1997).
The model that is used by Angrist and Krueger (1991) reads:

(15) w; = ¢, + Be; +7,2; + U,
e =¢, +vezi + 7+ v,

where w; are the log-earnings of individual 7, e; the number of years of education,

z; contains the included exogenous variables, and x; contains the instruments.

The variables u; and v; contain the disturbances. We estimated the parameters
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FIGURE 4.— Power curves of K (solid), AR (dotted-dashed), LR (dotted), SS1 (dashed), and
BLIML (solid with plusses) statistics that test Hy, : 8 =0 for various values of B8 in DGP (14) with
7, =0.1and k =1.

of (15) for a specification where z; contains year of birth dummies, state of birth
dummies, age, age?, and x; contains quarter of birth interacted with year of birth
dummies and quarter of birth interacted with state of birth dummies. Except for
the controls for race, standard metropolitan statistical area, region, and married,
this specification is also used by Angrist and Krueger (Table 7) and Staiger and
Stock (specification 4).

The estimates of the return on education B8 that we obtained are (standard
errors between parentheses): OLS: 0.0673 (0.0003), 2SLS: 0.0899 (0.0107), LIML.
0.108 (0.0147). We also computed the F-statistic for instrument relevance, which
is the standard F-statistic that tests the hypothesis H, : 7 =0 in the second equa-
tion of (15). This F-statistic is equal to 1.79 with a (asymptotic) p-value of 0.0001.
The F-statistic for instrument relevance is significant at the 95% significance level
but somewhat small (<2). Hence, the instruments are relatively weak. It implies
that we have to interpret the 2SLS and LIML ¢-statistics with care. We therefore
computed asymptotic confidence sets using the K, LR, AR, and 2SLS ¢-statistics.
Figure 7 contains plots of one minus the (asymptotic) p-value of these statistics.
Figure 7 also contains a straight line at 0.95 that enables us to straightforwardly
construct the 95% asymptotic confidence set, which is the interval between the
intersections of the graph of the statistic with the 95% line.
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FIGURE 5.— Power curves of K (solid), AR (dotted-dashed), LR (dotted), SS1 (dashed), and
BLIML (solid with plusses) statistics that test H,, : B = 0 for various values of 8 in DGP (14) with
7 =0.1 and k =5.

The plot of one minus the p-value of the K-statistic nicely shows that it attains
its minimal value, that equals zero, at the LIML estimator. This of course also
holds for the likelihood ratio statistic. The plot of one minus the p-value of
the 2SLS ¢-statistic shows that the 2SLS estimator is biased in the direction of
the OLS estimator; see e.g. Nelson and Startz (1990). For all values of «, the
(1 - @)100% asymptotic confidence sets that result from the K-statistic contain
the (1 —@)100% asymptotic confidence sets that result from the likelihood ratio
statistic. Figure 7 shows that the AR statistic leads to a much larger 95% confi-
dence set than the K-statistic, which results from the substantial degree of over-
identification. The (1 — «)100% asymptotic confidence sets that result from the
AR statistic are empty when « is less than 0.62. The asymptotic confidence sets
that result from the K-statistic are never empty.

We have used the specification of the instruments and exogenous variables in
model (15) that we considered the most plausible one. For some other specifi-
cations, that are used by Angrist and Krueger (1991), the quality of the instru-
ments is so poor that the AR and K-statistics lead to infinite 95% confidence
sets. Angrist and Krueger use confidence sets that are obtained from the 2SLS ¢-
statistic which are, just like the sets based on the likelihood ratio statistic, always
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FIGURE 6.— Power curves of K (solid), AR (dotted-dashed), LR (dotted), SS1 (dashed), and
BLIML (solid with plusses) statistics that test H, : 8 = 0 for various values of B in DGP (14) with
7, =0.1 and k = 20.

finite. These confidence sets then lead to wrong conclusions. This shows the
importance of the use of asymptotically pivotal statistics.

The 95% confidence set that results from the K-statistic in Figure 7 is smaller
than the 95% Bonferroni confidence set that is reported by Staiger and Stock
(1997). The 95% Bonferroni confidence sets have an asymptotic confidence level
of at least 95% so they are larger than or equal to the confidence sets that result
from the K-statistic, which have an asymptotic coverage ratio of 95%.

7. CONCLUSIONS

We propose the K-statistic for conducting joint tests on all the structural
parameters in IV regression. The K-statistic is asymptotically pivotal and its x*
limiting distribution has a degrees of freedom parameter that is equal to the
number of structural parameters. The K-statistic is a quadratic form of the score
of the concentrated likelihood. Hence, it is equal to zero at the LIML estima-
tor. The K-statistic therefore allows us to conduct valid (asymptotic) statistical
inference that is centered around the LIML estimator even in cases when the
limiting distribution of the LIML estimator depends on nuisance parameters.
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FIGURE 7.— 1 — p-value plots of statistics that test H, : B = B, using K (solid), AR (dashed-
dotted), LR (dotted), and 2SLS ¢ (dashed) statistics for the Angrist-Krueger model.

This manner of conducting statistical inference uses the asymptotically pivotal
K-statistic as a base and considers the LIML estimator as the value where the
K-statistic attains its zero minimum. It is therefore not concerned about the lim-
iting distribution of the LIML estimator nor its asymptotic variance. Asymptotic
standard errors are not involved in the statistical analysis based on the K-statistic.

Unlike the K-statistic, the likelihood ratio statistic is not asymptotically pivotal.
Power comparisons of the K-statistic with the likelihood ratio statistic using a size-
corrected critical value reveal that the K-statistic is a (asymptotic) size-corrected
likelihood ratio statistic.

We applied the K-statistic to the Angrist-Krueger (1991) data for which we
obtained similar results as in Staiger and Stock (1997) albeit with a statistic that
is less complicated to construct.

Dept. of Quantitative Economics, University of Amsterdam, Roetersstraat 11, 1018
WB Amsterdam, The Netherlands; kleiberg@fee.uva.nl; http://www.fee.uva.nlke/
kleibergen.htm.

Manuscript received October, 2000; final revision received November, 2001.
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APPENDIX

PROOF OF THEOREM 1

Under H, : 8 = 3, and Assumptions la—c, the joint limiting behavior of (1/+/T)X'(y — Y3,) and
(1/¥T)X'(Y — X II) is characterized by

10 [ Fxe-vE) X=X ],

where (Yy, ¥x,) ~ N(0, S®Qyy). Post-multiplying (16) by

1 _T
17) R= Oee
0 I,

gives
18 L -y U xdoy—xm YB,) Y
ay  [exo-ve) xfor-xm-o-ve 2] < e vl
where

U=V-eZ¥ = (Y= XIT)— (y— YBy) 222,

O, O
o, 0

vee(fy, Yyy) ~ N<O’ ( 0 ZUU) ® QXX)’

and

Oye Oy
EUU = ZVV -

ee

Hence, {5, and 5, are independent random variables, which implies that

1

X - VB) .
1 ’ Ty

—xfor-xm-o-ve) 2| < .

(19)

The limiting expression (19) contains the unobserved parameters o, and o,,. We can replace these
parameters by the consistent estimators

1
——(y=YB) MY d =
S (y BD) X an See T—K

=T K (Y =YBo) Mx(y—YBy).

The consistency of s, and s,, under H, results from Assumptions 1a and 1c. We note that s, is a
consistent estimator of o, that does not depend on II since

1 , 1 )
m(y—yﬁo) MyY = ﬁ(y—yﬁo) My (Y —X1).
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When we replace o, /0,, by s,,/s,, in the second expression of (19), it becomes

1, Sy
e mxfor-xm-o-ve

= %X’{(Y—XU)—(y—YBD) ‘;V]

1 s, g,
—*X’ _Y sV_l
N ot

- —=xfor-xm - - ven 2|

1 1 1 1
- ﬁX,(y_YBO){[SSV_UeV]a +55V|:g - o-ss:|}‘

The variance estimator s,;, is a (+/T) consistent estimator of o, and 1/s,, is a (~/T) consistent esti-
mator of 1/c,,. This implies that, because (1/vT)X'(y — Y8,) e Yy, the last part of (20) converges
in probability to zero,

1 1 11
7X(y_YBO){[SsV_UsV]?+ssV[T_0_ ]}—P)O:

T
and thus
LX’{(YfXH)f( —YB,) v } and LX/{(fon)f( —vB,) 2 }
JT YIRS, JT YR,
have the same limiting behavior,
1
— _X'(y-Y = Uy,
o JT (v Bo) 7 Uxe
1 ! SE
xfor-xm-o-ve) 2 i,

which expression we use to construct the limiting distribution of the K-statistic (3) for the different
cases of Theorem 1.

(i) The instruments are valid such that IT has a fixed full rank value. When IT has a fixed full
rank value,

@  xfr-o-ve)xxn| .

e

and therefore

1 ,
@ = r-o-ve ) o-ve)
1 o) Ly ,
=X 0= YB)E P VB ¢ X P = V) 1T
Similarly,
1 ,
e lr-o-veElndv-o-ve) | mon

The limiting behavior of K(83,) is then characterized by

1
(25) K(Bo)7 Ui‘/f;(gH(H/QXXH)AH/‘pr
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since
1 '
m()’l = Y280) Mx (y1 — Y2B) 7 Tse

and (1/0,, )Yy JI(II'Qyx II) ' II'{y, is a standard x*(m) random variable.
(ii) The instruments are weak such that IT = IT, = (1/+/T)C with C a fixed full rank matrix.
When II = II; = (1/~/T)C with C a fixed full rank k x m matrix,

1 S, 1 s 1
26 — XY -(y-Y W}:Afx[Y—XH —-(y-Y W]+—fxxn
e mxfyoo-ve - oo xim - oo vey 2 |+ —xex,
e Yyu+0xxC,

such that

sE ' SS ’ —
(27) {Y —(y—YBy) 3 - } PX{Y_ (y—=YBy) S - } _d> (OxxC+yxy) QXIX(QXXCJ’_l[/XU)
and

SE ' ’ -
(28) {Y -(y—YBy) s = } Py(y—=YBy) e (OxxC+¥xy) Qxlxwxs-
We then obtain the limiting behavior of K(8,) under weak instruments

1, -1 _1
(29) K(By) = —x, Oxx P 1 Oxx¥xe
e Oy x (QxxC+ixy)

where, because of the independence of ¢y, and ¢,,

1, -1 _1
ps wXSQX)Z(P 1 QX}({st

ce 0y} (Qxx CHixy)

is a standard x?(m) random variable. The latter holds because the conditional distribution of
(QxxC+¥yy) O’y by, given ¢yy is

N0, 0,,(QxxC+ ‘ﬁxv)/Q;(lx(QXXC +xu))-

Hence,

(QxxC+Vxu) Oxx (OxxC+ l//XU))i% (QxxC+ixy) Oy x.

given ¢y, is distributed as N(0, o,.1,,) which does not depend on ¢, so this random variable is
also unconditionally distributed as N(0, o,.1,,).
(iii) The instruments are invalid such that IT =0. When IT =0,

R L ChE B

such that

I . o L LR (R P
and

@ =082 -8 - b

Because of the independence of iy, and i, the limiting behavior of K(,) under invalid instru-
ments is characterized by

1 , 1 _1
(33) K(B)— — ¥ QiP | Qv
Oes Oxx¥xu

which is, for similar reasons as explained previously, a standard y*(m) random variable.
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