
Abstract
Hypothesis testing is the customary instrument for analysing the empirical validity of an economic

theory. This theory is reduced to a hypothesis which is tested in a statistical model. Hypothesis
testing is thus an important tool for conducting statistical inference in economic models. Instead
of providing an incomplete overview of this literature, we provide a somewhat hands on discussion
of testing in which we show how an economic theory is tested in a statistical model. We therefore
begin with the discussion of the basic results on hypothesis testing and later focus on some recent
developments that have improved testing in commonly used economic models such as the linear
instrumental variables regression model. We use a real economic example to illustrate the main
findings.

Testing Hypothesis testing is the customary instrument for analysing the empirical validity
of an economic theory. This theory is reduced to a hypothesis which is tested in a statistical model.
Hypothesis testing is thus an important tool for conducting statistical inference in economic models.
An impressive literature has therefore emerged which discusses tests of economic hypotheses. Instead
of providing an incomplete overview of this literature, we provide a somewhat hands on discussion of
testing in which we show how an economic theory is tested in a statistical model. We therefore begin
with the discussion of the basic results on hypothesis testing and later focus on some recent developments
that have improved testing in commonly used economic models. We use a real economic example to
illustrate the main findings.

When testing an economic hypothesis, we want our test results to hold generally and not to be
affected by highly specific assumptions on the statistical model, like, for example, the distribution
of the disturbances. Under these general conditions, the finite sample distributions of the involved
test statistics are unknown. The realized values of the test statistics are then confronted with critical
values that result from the large sample distributions of the statistics under our hypothesis of interest.
Since this is currently the common approach to testing, our discussion is solely from the large sample
perspective.

We illustrate the tests of an economic theory by testing for a unit demand price elasticity for the
demand for oranges. We use data on the demand for oranges in the US from 1910-1959. The data
results from Nerlove and Waugh (1961) and is also used in Berndt (1991, p. 417-420). The demand
equation is specified as

log(Pt) = α+ γ log(Qt) + β log(RIt) + εt, t = 1, . . . , T, (1)

with Qt the traded quantity, Pt the price of oranges and RIt the real disposable income. The other
available series are current (ACt) and past advertisement (APt, averaged over the last ten years). We
test the hypothesis of a unit demand price elasticity H0 : γ = −1 against the alternative hypothesis
H1 : γ 6= −1.

1 The trinity of tests

Most tests result from one of the three main principles for constructing a test statistic: Wald, likelihood
ratio (LR) and Lagrange multiplier (LM) or score which are often referred to as the trinity of tests,
see e.g. Engle (1984). When p(y; θ) is the joint density of the T × 1 data vector y and we want to
test the hypothesis H0 : θ = θ0 on the m× 1 vector of parameters θ against the alternative hypothesis
H1 : θ 6= θ0, these three statistics read:

Wald(θ0) = T (θ̂ − θ0)
0V (θ̂)−1(θ̂ − θ0)

LR(θ0) = 2
h
L(y; θ̂)− L(y; θ0)

i
LM(θ0) = 1

T s(y; θ0)
0I(θ0)−1s(y; θ0),

(2)
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with L(y; θ) the logarithm of the likelihood or joint density p(y; θ), L(y; θ) = log(p(y; θ)); s(y; θ) is the
score, s(y; θ) = ∂

∂θL(y; θ); θ̂ is the maximum likelihood estimator under H1 so s(y; θ̂) = 0, V (θ) is the
covariance matrix of θ̂ and I(θ) is the information matrix (V (θ) = I(θ)−1),

I(θ) = −E
h
1
T

∂2

∂θ∂θ0L(y; θ)
i
. (3)

The three statistics provide different measures of the relative distance between H0 and H1. Under
sufficient regularity conditions which ensure the consistency and asymptotic normality of θ̂, all three
statistics converge under H0 to the same χ2(m) distributed random variable when the sample size
becomes large, see e.g. Newey and MacFadden (1994, Th. 9.2). When these regularity conditions hold,
usage of a specific statistic is typically a matter of computational ease. The Wald and LM statistics
only analyze the model under H1 or H0 resp. so one could have a preference for either one of them given
the computational effort to analyze the model under H0 or H1. The LR statistic involves the analysis
of the model under H0 and H1 and is therefore more demanding to compute than the Wald and LM
statistics. When conducting tests on only one element of θ, the so-called t-statistic is often used which
equals the square root of the Wald statistic and has a large sample normal distribution under H0..

2 Significance, size and power

When we test H0, we specify a significance level of 100 × (1 − α)% which sets the probability that we
reject H0 while it is true equal to α. The critical value associated with this significance level is then such
that the probability mass of the large sample distribution of the statistic under H0 above the critical
value equals α.We then reject H0 with (1−α)×100% significance when the realized value of the statistic
exceeds the (1− α)× 100% critical value.

Another manner to test H0 with 100 × (1 − α)% significance is by using the p-value associated
with the realized value of the statistic. The p-value equals the probability mass of the large sample
distribution of the statistic under H0 that lies above the realized value of the statistic. Hence, we reject
H0 with 100× (1− α)% significance when the p-value is less than α.

Tests of H0 : θ = θ0 with 100× (1−α)% significance for a range of values of θ0 can be used to obtain
the 100 × (1 − α)% confidence set of θ. The 100 × (1 − α)% confidence set of θ contains all values of
θ0 for which H0 : θ = θ0 is not rejected with 100× (1− α)% signifance and therefore contains the true
value of θ with probability 1− α.

Besides computational issues there are several other reasons to prefer a specific statistic especially
when it is unclear if the regularity conditions, that imply the large sample distribution of the statistic
under H0, hold. Examples of such other reasons are invariance to transformations of the parameters,
observed size of the statistics and discriminatory power.

Especially in models that are non-linear in the parameters, it is appealing to use a statistic whose
specification is invariant to non-linear transformations of the parameters so it does not depend on the
specification of the model. This property is violated by the Wald statistic but satisfied by the LR and
LM statistics, see e.g. Dagenais and Dufour (1991) and Dufour (1997). Hence, it is better to use either
the LR or LM statistic in such models.

The specification of the significance level of the test intends to control the Type I error or probability
that we reject H0 while it holds. The rejection frequency under H0, to which we refer as the size of
the test, should therefore coincide with α. Because we use the large sample distribution of the statistic
under H0 instead of the unknown finite sample distribution to obtain the critical value of the test, this is,
however, not the case. The statistic whose size properties dominate those of the others is then typically
preferred. The size properties of the different statistics can often be improved by computing the critical
values using the bootstrap instead of the large sample distribution, see e.g. Horowitz (2001).
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The Type II error of the statistic is the probability of not rejecting H0 while it is false. We thus prefer
statistics that minimize the Type II error, or, put differently, maximize the discrimatory power, while
preserving an adequate size. When the likelihood function is known, the Neymann-Pearson Lemma
implies that the LR statistic is the most powerful statistic for testing a point null hypothesis, like
H0 : θ = θ0, against a point alternative, like H2 : θ = θ2. For composite alternatives, like H1 : θ 6= θ0,
there is typically no statistic that is the most powerful one in all cases.

3 Tests in the linear regression model

To construct test statistics for the linear demand equation (1), we assume that the disturbances are
independently and identically distributed so we can estimate the parameters using least squares1:

log(Pt) = −6.19
(1.66)

− 0.79
(0.11)

log(Qt) + 0.92
(0.23)

log(RIt) + ε̂t. (4)

To compute the Wald, LR and LM statistic that test for a unit demand price elasticity, we further
assume the disturbances to be independently identically normally distributed with mean zero. The
specifications of the three tests then read

Wald(θ0) = RSSR−USSR
USSR/T , LR(θ0) = T log

£RSSR
USSR

¤
and LM(θ0) = RSSR−USSR

RSSR/T , (5)

which test H0 : θ = θ0 and where USSR is the unrestricted sum of squared residuals ε̂t, i.e. the residuals
under H1, and RSSR is the restricted sum of squared residuals, i.e. the residuals under H0. Under H0
and when the disturbances are independently identically distributed with mean zero and a finite fourth
order moment all three statistics converge to the same χ2(1) distributed random variable when the
sample size gets large.

The expression of the LM statistic in (5) is such that we can compute it as well using an auxiliary
regression of the restricted residuals under H0 on all explanatory variables. The expression of LM(θ0)
is then such that it equals T times the R2 of this regression.

The values of the statistics that test for a unit demand price elasticity that result from (5) read2

Wald(− 1) = 3.62 > LR(− 1) = 3.50 > LM(− 1) = 3.38. (6)

All three statistics are smaller than the 95% critical value of 3.84 that results from the large sample
distribution of the statistics under H0, which is the χ2(1) distribution, so we do no reject the unit
demand price elasticity with 95% significance. The Wald statistic that tests for a unit demand price
elasticity exceeds the value of the LR statistic which again exceeds the value of the LM statistic. This
result always holds for tests on the parameters of the linear regression model and is not a result of the
involved data.

4 Specification tests

Estimation of the demand equation (1) by least squares as in (4) presumes that the traded quantity is
exogenous since least squares leads to an inconsistent estimator when the traded quantity is endogenous.
When the traded quantity is endogenous, we need to use an estimator that remains consistent in that

1The standard errors are reported below the parameter estimates.
2The value of the Wald statistic in (6) is computed using (5) but could alternatively have been computed using the

least squares estimator and standard error that are reported in (4) since 3.62 ≈ ¡−0.79+1
0.11

¢2
.
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case, like, for example, the two stage least squares (2SLS) estimator or the limited information maximum
likelihood (LIML) estimator, see e.g. Theil (1953) and Hood and Koopmans (1953).

Exogeneity or endogeneity of the traded quantity lead to different specifications of the statistical
model for the demand for oranges. A test for the appropriate specification of the model is the Durbin-
Wu-Hausman (DWH) statistic which tests the difference between two estimators, θ̂ and θ̃, one of which,
θ̂, is efficient and consistent in the model under the null hypothesis but not in the model under the
alternative hypothesis while the other estimator, θ̃, is consistent both in the model under the null and
alternative hypothesis, see Durbin (1954), Wu (1973) and Hausman (1978):

DWH(θ) = T (θ̃ − θ̂)0
h
V (θ̃)− V (θ̂)

i−
(θ̃ − θ̂), (7)

with V (θ̃) and V (θ̂) the covariance matrices of θ̃ and θ̂ and [. . .]− is the generalized inverse operator.
Under sufficient regularity conditions, the DWH statistic converges under H0 to a χ2(m) distributed
random variable with m the minimum of the number of elements of θ and the rank of the matrix
V (θ̃)− V (θ̂).

Using the current and past advertisement variables as instruments, we computed the DWH statistic
to test the null hypothesis of exogeneity of the traded quantity against the alternative hypothesis of
endogeneity using both the 2SLS and LIML estimators:

DWH2SLS(θ) = T (θ̃2SLS − θ̂LS)
0
h
V (θ̃2SLS)− V (θ̂LS)

i−
(θ̃2SLS − θ̂LS) = 4.99,

DWHLIML(θ) = T (θ̃LIML − θ̂LS)
0
h
V (θ̃LIML)− V (θ̂LS)

i−
(θ̃LIML − θ̂LS) = 4.96.

(8)

Both statistics exceed the 95% critical value of 3.84 of the large sample distribution of the DWH statistic
under H0 which is a χ2(1) distribution. Hence, we reject with 95% significance that the traded quantity
is exogenous. This implies that we have to account for the endogeneity of the traded quantity when we
test the unit demand price elasticity hypothesis.

5 Tests in the linear instrumental variables regression model

To accomodate the endogeneity of the traded quantity, we test the demand price elasticity in a linear
instrumental variables regression model

yt = xtβ + w0tγ + εt
xt = z0tπ + w0tδ + vt,

(9)

where yt and xt are the endogenous variables, wt is a kw×1 vector that contains the included exogenous
variables, zt is a kz × 1 vector that contains the instruments and εt and vt are the disturbances. The
instruments zt are uncorrelated with the structural disturbances εt. We assume that the vectors of
disturbances

¡
εt
vt

¢
, t = 1, . . . , T, are independently identically distributed. The variables for the demand

for oranges are such that yt = log(Pt), xt = log(Qt), wt =
¡

1
log(RIt)

¢
and zt =

¡log(ACt)
log(APt)

¢
.

The structural parameter β is typically our parameter of interest and we therefore partial out wt

from the model by replacing all remaining variables by the residuals that result from regressing them
on wt : byt = bxtβ + εtbxt = bz0tπ + vt,

(10)

with ŷt, x̂t and ẑt the residuals that result from regressing yt, xt and zt resp. on wt.
We want to test a hypothesis on the structural parameter β, H0 : β = β0, like, for example, that

of a unit demand price elasticity. We discuss some statistics that can be used for this purpose most of
which belong to the trinity of tests.

4



Wald statistics. Using either the 2SLS or LIML estimator, we can test H0 using a Wald statistic:

Wald2SLS(β0) = T (β̂2SLS − β0)
0V (β̂2SLS)−1(β̂2SLS − β0)

WaldLIML(β0) = T (β̂LIML − β0)
0V (β̂LIML)−1(β̂LIML − β0),

(11)

with β̂2SLS the 2SLS estimator: β̂2SLS =
³
π̂0
PT

t=1 ẑtx̂t

´−1
π̂0
PT

t=1 ẑtŷt, π̂ =
³PT

t=1 ẑtẑ
0
t

´−1PT
t=1 ẑtx̂t,

and β̂LIML the LIML estimator:

β̂LIML = argminβ

hPT

t=1
ẑt(ŷt−x̂tβ)

i0hPT

t=1
ẑtẑ0t

i−1hPT

t=1
ẑt(ŷt−x̂tβ)

iPT

t=1
(ŷt−x̂tβ)2−

hPT

t=1
ẑt(ŷt−x̂tβ)

i0hPT

t=1
ẑtẑ0t

i−1hPT

t=1
ẑt(ŷt−x̂tβ)

i . (12)

Both Wald statistics converge under H0 and a number of regularity conditions which rule out zero
values of π to a χ2(1) distributed random variable when the sample size gets large, see e.g. Newey and
MacFadden (1994). The assumption of a non-zero value of π for the large sample distribution implies
that finite sample distributions of both Wald statistics depend on the value of π. The actual size of
the Wald statistics can therefore deviate considerably from the assumed Type 1 error which makes
these statistics unreliable for usage in practice, see e.g. Nelson and Startz (1990), Bound et. al. (1995),
Dufour (1997) and Staiger and Stock (1997). The bootstrap can not be used to overcome these size
distortions, see e.g. Horowitz (2002).

Anderson-Rubin statistic. Anderson and Rubin (1949) construct a test for H0 by substituting the
equation of x̂t into the equation of ŷt :

byt − bxtβ0 = bz0tϕ+ ut, (13)

with ϕ = π(β−β0) and ut = εt+vt(β−β0). Under H0, ϕ equals zero and a test for H0 can therefore be
conducted using a test for a zero value of ϕ. Anderson and Rubin (1949) propose to use the F -statistic
that tests for a zero value of ϕ in (13) for this purpose. This F -statistic is commonly referred to as the
Anderson-Rubin (AR) statistic.

When the disturbances are independently and identically distributed with finite fourth order mo-
ments, the AR statistic converges under H0 to a χ2(kz)/kz distributed random variable when the sample
size gets large. This large sample distribution of the AR statistic does not depend on the value of π
which makes the AR statistic a more reliable statistic for practical purposes than the Wald statistics
in (11). A disadvantage of the AR statistic is that its large sample distribution is proportional to a
χ2 distribution with a degrees of freedom parameter that equals the number of instruments while we
conduct a test on only one parameter. This reduces the discriminatory power of the AR statistic when
the number of instruments is large which is often the case.

LM statistic. When we assume the vector of disturbances
¡εt
vt

¢
to be independently identically nor-

mally distributed with mean zero, we can construct the likelihood function and therefore also the LM
statistic for testing H0, see Kleibergen (2002):

LM(β0) =
1
σ̃εε

³PT
t=1 bztε̃t´0 π̃(β0) hπ̃(β0)0 ³PT

t=1 bztbz0t´ π̃(β0)i−1 ³PT
t=1 bztε̃t´ , (14)

with eεt = byt − bxtβ0,
π̃(β0) =

³PT
t=1 bztbz0t´−1PT

t=1 bzt hbxt − eεt σ̃vεσ̃εε

i
,

σ̃εε =
1

T−kz
PT

t=1(eyt − extβ0)2,
σ̃vε =

1
T−kz

PT
t=1 ext(eyt − extβ0)

(15)
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and where ext and eyt are the residuals that result from regressing xt and yt on wt and zt. When the
disturbances

¡εt
vt

¢
are independently identically distributed and have finite fourth order moments, the

LM statistic converges to a χ2(1) distributed random variable when the sample size increases. The
convergence of the LM statistic does not depend on the value of π. The large sample distribution of
the LM statistic under H0 is therefore typically a rather accurate approximation of the finite sample
distribution and this approximation can even be further improved by using the bootstrap, see Kleibergen
(2004).

LR statistic Under identically independently normal distributed disturbances, Moreira (2003) con-
structs the likelihood ratio statistic to test H0 :

LR(β0) =
1
2

h
AR(β0)− r(β0) +

p
(AR(β0) + r(β0))2 − 4r(β0)(AR(β0)− LM(β0))

i
, (16)

with AR(β0) kw times the AR statistic that tests H0 :

AR(β0) =
1
σ̃εε

³PT
t=1 bztε̃t´0 ³PT

t=1 bztbz0t´−1 ³PT
t=1 bztε̃t´ , (17)

and r(β0) a statistic that tests for a zero value of π under H0, so by using π̃(β0),

r(β0) =
1

σ̃vv.ε
π̃(β0)

0
³PT

t=1 bztbz0t´ π̃(β0), (18)

where σ̃vv.ε = σ̃vv− σ̃2vε
σ̃.εε

and σ̃vv = 1
T−kz

PT
t=1 ex2t .Moreira (2003) shows that, when the disturbances are

independently identically distributed with finite fourth order moments, the large sample distribution of
LR(β0) under H0 is conditional on the value of r(β0). We thus need to use a different critical value to
determine the significance of a realized value of the LR statistic for every value of r(β0). When r(β0)
is zero, the large sample distribution of LR(β0) is identical to a χ2(kw) distribution while it equals
the χ2(1) distribution for large values of r(β0). Besides the dependence on r(β0), the large sample
distribution of LR(β0) does not depend on π which makes LR(β0) a trustworthy statistic for practical
purposes. Andrews et. al. (2005) show that the LR statistic is the most powerful statistic of those
statistics whose large sample distributions do not depend on π and are invariant under transformations
of the model.

The unit demand price elasticity. We test for a unit demand price elasticity using each of the
above statistics.

Wald2SLS(−1) = 191 WaldLIML(−1) = 178
AR(−1) = 73.7 LM(−1) = 67.3 LR(−1) = 69.1. (19)

The value of r(β0) is 174 which makes the large sample distribution of LR(−1) given r(β0) identical
to the large sample distribution of LM(−1) which is a χ2(1). The large sample distribution of AR(−1)
is a χ2(2) distribution and the large sample distributions of the Wald statistics are χ2(1) distributions
while assuming a non-zero value of π.

All statistics reject the hypothesis of a unit demand price elasticity with 95% significance. This
shows the importance of accounting for the endogeneity of the traded quantity since this hypothesis
was not rejected in the linear regression model that assumes the traded quantity to be exogenous.
The values of the statistics whose large sample distributions are not influenced by the value of π, i.e.
AR(−1), LM(−1) and LR(−1), are all of the same order of magnitude while the Wald statistics are
much larger. This indicates the different behavior of these statistics and we recommend not to use these
Wald statistics.

6



6 More general specifications

We discussed the trinity of tests in a linear model estimated using either least squares or instrumental
variables. The Wald, LM and LR statistics extend to a large variety of models which are possibly non-
linear in the parameters and have unknown likelihood functions. The expression of the Wald statistic
is such that it can be applied to any estimator which has a normal large sample distribution and for
which a consistent estimator of the asymptotic variance exists. The LM test is applicable in any model
where the estimators solve a first order condition. The LR test is based on the difference of an objective
function under H0 and H1, a specification that allows it to accomodate more general statistical models,
see e.g. Engle (1984) and Newey and MacFadden (1994). In these general settings, like, for example,
the generalized method of moments, the large sample distribution of the Wald statistic is often affected
by nuisance parameters while the large sample distributions of the LM and LR statistics remain robust
to the value of these nuisance parameters, see e.g. Kleibergen (2005). Hence, the LM and LR statistics
often provide more reliable tests.

Frank Kleibergen3
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