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Abstract
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1. Introduction

This paper studies inference in structural equations involving expectations that are mod-
eled using adaptive learning. A growing number of studies consider adaptive learning as an
alternative to rational expectations, see for instance Sargent (1993), Evans and Honkapohja
(2001; 2008), Orphanides and Williams (2004; 2005), Primiceri (2006), Milani (2006; 2007).
Structural models with adaptive learning are self-referential and their dynamics are consid-
erably more complicated than the dynamics under rational expectations.! As a result, little
is known about the properties of structural estimation and inference in these models.

The motivation for studying this problem is twofold. On the one hand, it is well-
understood that learning typically induces more persistence in the data than what is implied
by models with rational expectations. In fact, one of the motivations for replacing rational
expectations with adaptive learning in forward-looking models is to match the dynamics
in the data without the need to introduce any intrinsic sources of persistence, which are
thought of as ad hoc, see Milani (2006; 2007). On the other hand, it is well-known that
forward-looking models suffer from identification problems under rational expectations, see
Mavroeidis (2005), Canova and Sala (2009) and Cochrane (2007). Hence, the objective of
this paper is to study the implications of those two issues, persistent dynamics and weak
identification, for inference on the structural parameters of models with adaptive learning.
Our main results can be summarized as follows.

First, we show that if one would like to estimate a model in which agents have bounded
rationality and use a recursive learning scheme to construct expectations, one should use
identification robust methods to conduct econometric inference. This is because identification
pathologies that arise under rational expectations are also relevant under adaptive learning.
Moreover, we show that there is one additional complication which prevents us from using

standard identification robust methods for inference. Learning induces persistence in the

'Models with Bayesian learning, where non-fully informed agents update their beliefs about the state of the

economy using Bayes rule, also induce more complex dynamics than full-information rational expectations,
see Schorfheide (2005).
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data and can cause nearly non-stationary behavior.

Second, we show that there is a straightforward and easy-to-implement solution to the
problem of inference. In particular, we propose to use a statistic developed by Anderson and
Rubin (1949) and popularized recently by the weak instruments literature, with an appro-
priate choice of instruments, such as lags of the identified structural shocks. The limiting
distribution of this statistic is standard and does not depend on any nuisance parameters, so
inference based on it is robust to identification and persistence problems. Simulations show
that the method is reliable and powerful in finite samples.

Earlier studies, such as Milani (2006; 2007), adopted a Bayesian approach to inference,
and primarily presented evidence on the relative fit of learning models when compared to
the same models under rational expectations. From that perspective, one contribution of
this paper is to provide a measure of absolute fit for models with learning using classical
inference.

Finally, we apply our method to examine a new Keynesian sticky-price model with adap-
tive learning that has been recently studied in the learning literature. We consider specifica-
tions of the model that involve expectations over both short and long horizons, see Preston
(2005b). Our results show that our proposed method is powerful enough to uncover evidence
against short-horizon formulations, and produces informative inference on the parameters
using a long-horizon formulation, thus demonstrating its usefulness in practice.

The rest of the paper is structured as follows. Section 2 discusses the problems of inference
due to weak identification and persistence in the data. Section 3 introduces our proposed
method of inference and provides simulation evidence on its size and power properties in
finite samples. Section 4 provides the results of the empirical application. Technical and

computational details are presented in an appendix at the end.



Inference in models with adaptive learning 4

2. The problem

2.1. Weak identification

Suppose we wish to estimate a model with parameters § € ©, where © is the admissible
parameter space. Two values of the parameters 0,0, € © are observationally equivalent if
the data generating process (DGP) is identical at ; and 5. A nonidentification region is a
subset of the parameter space that contains observationally equivalent parameter values. The
model is weakly identified when the true value of 6 is close to a nonidentification region, see
Dufour (1997). Weak identification is known to cause standard asymptotic approximations
to the distribution of estimators and test statistics to break down, inducing biases and leading
to spurious inference, see Stock et al. (2002), Dufour (2003) and Andrews and Stock (2005).

Identification pathologies have been studied extensively in models with rational expecta-
tions. The early literature (Pesaran 1987) focused on characterizing the non-identification
region, while more recent papers emphasized problems of weak identification, see Kleibergen
and Mavroeidis (2009) and the references therein. However, to the best of our knowledge,
there are no identification results in models of bounded rationality where expectations are
formed using adaptive learning. This paper looks at this issue.

In a model of adaptive learning, agents are assumed to form their expectations by recur-
sively estimating some forecasting model that represents their perceived law of motion (PLM)
of the data. The resulting DGP is often called the actual law of motion (ALM). Even when
the structural model is linear (or log-linearized) under rational expectations, the ALM that
results with adaptive learning can be highly nonlinear. As a result, identification analysis
is substantially more involved under learning than under rational expectations. Therefore,
we do not attempt to provide a complete characterization of identification pathologies in
models with adaptive learning. Instead, we show that identification pathologies that arise
under rational expectations are relevant also in models of bounded rationality.

Let a; denote agents’ beliefs about the parameters of the PLM at time ¢. Under adaptive
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learning, a; evolves according to a stochastic recursive algorithm of the form:?

a; = ar_y + v, H (a1, X¢) +vip (a1, Xy), (1)

where X; is a vector of observable state variables, H (-), p(-) are functions describing how
a; is updated and ~, € (0,1) is a gain parameter sequence that determines the weight agents
put on new data when they update their estimates. It is often either a decreasing sequence
or a constant.

The theoretical learning literature has established conditions under which rational ex-
pectations equilibria are learnable. These include restrictions on the structural parameters,
known as E-stability conditions, and restrictions on the gain sequence 7,. In many popular
economic models, it has been shown that decreasing-gain learning converges to a REE with
probability 1, and convergence results have also been established for constant gain algo-
rithms, see Evans and Honkapohja (2001) (henceforth EH) for a review of the literature. In
particular, the ALM of a model with learning can get arbitrarily close to a REE as the gain
parameter gets smaller. This situation is empirically relevant, because researchers are often
interested in estimating the dynamics of the economy when there are only small departures
from rational expectations, see, e.g., Milani (2007).

In a model with learning, the parameter vector # also includes the parameters that
characterize the learning algorithm. Since values of the gain parameter that are arbitrarily
close to zero are within the admissible parameter space, the true value of the parameters
may be arbitrarily close to a nonidentification region that arises under rational expectations.
It follows that identification pathologies that exist under rational expectations will induce
weak identification under adaptive learning.

When the PLM is misspecified in the sense that it does not nest any REE, learning

may still converge to a so-called ‘restricted perceptions equilibrium’, see EH section 3.6.

2This is the most general formulation taken from equation 6.3 in Evans and Honkapohja (2001). Typically
the second order term p (-) is absent.
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It is straightforward to show that identification problems can also arise under restricted
perceptions equilibria. An example is given below. Therefore, we have established the

following result.

Proposition 1 Identification of the parameters in a model with adaptive learning can be
weak when learning may induce only small deviations from a rational expectations or re-

stricted perceptions equilibrium under which the parameters of the model are not identified.

We illustrate the above result and its implications for inference using a classic example

of a model with adaptive learning.

An example

Consider the model

ye = Byi +0x1 + 1y (2)

where 7, is an innovation process, y; denotes expectations of 3, based on information available
at time ¢t — 1, and x;_; is a vector of exogenous and predetermined variables. This is the
model studied in the early learning literature by Bray and Savin (1986) and Fourgeaud et al.
(1986). EH (section 2.2) motivate this as a reduced-form price equation arising from either
a simple cobweb model or the well-known Lucas (1973) aggregate supply model.

Provided g # 1, the unique REE is given by:

Y =ar_1 +1n, a=(1- ﬁ)_l 0. (3)

We assume that equation (3) is the PLM, and agents’ learning algorithm is either recursive
least squares (RLS) or constant-gain least squares (CGLS), which are both special cases of
the stochastic recursive algorithm given in equation (1) above, see EH (chapter 2). Using

agents’ estimate a,_; of o to obtain their forecast, yy = a;_1x;—1, and substituting it into



Inference in models with adaptive learning 7

equation (2) yields the ALM of y,:

Y = Bar—124—1 + 0x4—1 + M- (4)

The structural parameters $ and ¢ in equation (2) are clearly not identified under rational
expectations, because the regressors y; = ax;—1 and z;_; are perfectly collinear. In fact, this
holds for a more general class of models involving expectations of current values of the
endogenous variables as regressors, see Pesaran (1987). On the other hand, learning breaks
the perfect collinearity between the regressors, as long as a;_; is not constant.

Turning to E-stability, it can be shown that when 8 < 1 and x; is stationary, a; con-
verges to a under RLS learning with probability one, see EH (Theorem 2.1). Therefore,
the regressors yf = a;_17;_1 and x;_1 in (2) become perfectly collinear in large samples and
identification breaks down. This is an example of a phenomenon known in econometrics as
near multicollinearity, see, e.g., Judge et al. (1985).

Near multicollinearity will also arise when a, converges to some fixed value other than «,
as in the case of a restricted perceptions equilibrium. For example, suppose x; = (14, o)
but agents omit xo; from their PLM. In the resulting restricted perceptions equilibrium gy
would be a linear combination of x;,_; and so it would still be perfectly collinear with x;_;.

In the case of constant gain learning, a; no longer converges to a constant, but its vari-
ability crucially depends on the gain parameter . Specifically, it can be shown that, when
the E-stability conditions hold, a; converges in probability to o as 7 tends to zero, see EH
(section 14.2). Therefore, since v can be arbitrarily close to zero, a; can be arbitrary close
to a constant, in which case identification will be weak.

To illustrate the severity of the problem of weak identification, we report simulation
results on the finite sample properties of ¢ and Wald tests on the parameters § and J in
equation (2). We set z;_; = 1 and normalize the true value of § to zero.> We also assume

the learning algorithm is known, so y; is observed — the problem is even more severe when

3Results for multiple stochastic regressors are similar.
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the parameters of the learning algorithm need to be estimated as well. Figure 1 shows the
densities of the t statistics under the null for samples of size T' = 100, 10? and 10* observa-
tions, and compares these densities to the standard normal asymptotic approximation. It is
clear from the pictures that the normal distribution provides a very poor approximation to
the sampling distribution of the statistics even for T' = 10%. Non-normality is also evident
in the distributions of the OLS estimators of 5 and ¢, which are not reported for brevity.
The pictures show that under CGLS learning there is convergence to normality. This is
because when ~ is bounded away from zero and kept fixed as the sample size gets larger,
there is no multicollinearity in large samples. Therefore, the relevant question is how large
the sample needs to be for the asymptotic approximations to become reliable. This question
can be addressed by looking at the minimum sample size that is required for the actual
rejection frequency of an asymptotic 5% level test not exceed some tolerance level, say 10%.*
Table 1 reports the resulting minimum sample sizes for a ¢ test on 3, when 3 varies between
0.9 and 0.99 and ~ varies between 0.1 and 0.01. The main message is that the required
sample size increases as [ gets closer to unity and v closer to zero. Notably, when 8 = 0.99

and v = 0.01, the required sample size is around 100,000 observations!®

2.2.  Persistence

Next, we turn to the issue of persistence induced by learning dynamics. We focus our
discussion on the example introduced in the previous subsection. In equation (2) the per-
sistence of y; and y¢ under the REE (3) is determined solely by the dynamics of the driving
process x;, but learning adds further dynamics to y;. Thus, we need to examine how much
persistence learning generates, and what implications this has for inference on the structural
parameters.

We consider CGLS learning, since it is more relevant empirically than RLS learning. To

*A similar approach was used by Stock and Yogo (2003) to define weak instruments.

®Failure of conventional asymptotic theory at such large sample sizes is not unprecedented in economics.
A classic example is found in Bound et al. (1995), who reported problems with the two-stage least squares
estimator of the returns to education in a sample of 329,000 observations.
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keep the exposition simple, we discuss only the case in which the regressor z; is a scalar
constant, because in that case, the ALM reduces to a linear time series model, which most
readers are familiar with. When x; = 1 in model (2), CGLS can be expressed recursively
as a; = a;—1 + v (ys — a;_1). Substituting for 3, using (2), the law of motion for a; can be

written as a first autoregression:

ag—a=(1—-1-=5)7) (a1 —a)+yn, t=1,2,.... (5)

Hence, when the autoregressive root is stable, i.e., when |1 — (1 — 3)~| < 1, the process a;
admits a stationary solution and is ergodic. This implies that the asymptotic distribution
theory for OLS estimators and Wald tests is standard when v > 0 and 1 —2/y < § < 1.

For values of the parameters 7 and (3 that are close to the boundaries of zero and one,
respectively, it is evident from equation (5) that a, follows an autoregressive process with
a near unit root. Since it is well-known that distribution theory for nearly integrated au-
toregressive processes is non-standard (see Phillips, 1987), we expect that this may have an
impact on the distribution of estimators and test statistics for the coefficients in equation
(2), as well. To approximate the behavior of the regressor y§ = a;—; and the OLS estimator
<B,g>/ = (Ele X;Xt> B Zthl X/y;, where X; = (y¢,1), we let v lie in a neighborhood of
zero and [ in a neighborhood of one as the sample size grows, i.e., we set v € O (T~") and
1—-p8€0(T™) with v,w > 0. This nesting is such that model parameters are constant in
any given sample, but they are allowed to get closer to the boundaries as the sample grows
(for notational convenience, we suppress the dependence of § and v on T in the results
given below). This approach is known as local asymptotic approximation, and it can lead to
better asymptotic approximations to the finite-sample distributions of statistics that involve
persistent data, see Chan and Wei (1987) and Phillips (1987).

The rates v and w characterize, respectively, the proximity to zero of v and 1—f in terms

of T" and different choices for them give rise to alternative local asymptotic approximations
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to the behavior of a; and of the estimators of (3,d). In the following proposition, we only
give the results for the case v = w = 1/2, since this localization was found to give by far
the most accurate asymptotic approximation to the finite sample distributions.® The symbol

“=" denotes weak convergence.

Proposition 2 Consider the stochastic process a; that satisfies equation (5) with initial
condition ag. Suppose (1 —B)y =1 — €T and v = /T with ¢ < 0 and ¥ > 0, and let

[Tr] denote the integer part of T'r, for 0 <r < 1. Then, as T — oo,
aprr = o+ e (ag — a) + Yo, Jy (r) = Ky (1) (6)

where Jy (1) is an Ornstein-Uhlenbeck diffusion with parameter ¢ and J, (0) = 0, driven
by the standard Brownian motion W (r), which is such that T—'/2 ngﬂ n, = o,W(r).
~ N\ -1
Moreover, let (5, 5) = (Zthl X{Xt) ST Xty where X, = (y,1). Then,
-1
> 1 1 1
VT (5 _ ﬂ> i Sy K2, (r)dr [ Ky (r)dr Ty fo Ky (r)dW (r)

- (7)
VT (5~ 9) S Ky (r) dr 1 oW (1)

In the above result, the parameters ¢ and 1) measure, respectively, the distance of the
autoregressive root from unity and of the gain parameter from zero, relative to the sample
size. The Ornstein-Uhlenbeck diffusion is a continuous time autoregressive process whose
persistence is inversely related to ¢, where the limiting case ¢ = 0 corresponds to a random
walk.s

Regarding the asymptotic distribution of the OLS estimators, we see that it is non-
normal. This is because the second moment matrix of the regressors, 7! ZtT:l X[ X;, does
not converge to a non-stochastic limit, and the sample moment conditions involving the
persistent regressor, 7~1/2 Zthl y;1,, do not satisfy a standard central limit theorem. In the

special case a = ag = 0, the distribution of the OLS estimators given by the right-hand side

6Results for all other cases of v and w are available from the authors on request.
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of equation (7) corresponds almost exactly to the local-to-unit root approximation in the
model considered by Phillips (1987) and the resulting distributions are of the Dickey-Fuller
type. Yet, contrary to the pure unit-root case, B does not converge faster than at rate v/7.
This is because of the dampening effect of a vanishing  on the variance of the regressor yy,
which prevents it from exhibiting a stochastic trend.

Figure 2 shows that the local asymptotic distribution given by the right-hand side of
expression (7) provides a very accurate approximation to the finite sample distribution of
the OLS estimators for a sample of size T" = 100 and for 8 = 0.99 and v = 0.02, while the
standard fixed-parameter asymptotic approximation is poor. The approximation is also very

good for other values of 5 and ~.

3. Robust inference

3.1. The Anderson-Rubin statistic

In this section, we propose a method of inference that is robust to the weak identification
and persistence problems we discussed above. The proposed method is an application of the
Anderson and Rubin (1949) test (henceforth AR test), which has been recently revived by the
weak instruments literature. The original AR test applies to a linear instrumental variable
(IV) model with strongly exogenous instruments and Gaussian independently and identically
distributed (i.i.d.) data. However, Stock and Wright (2000) extended it to nonlinear models
with dependent and heterogeneous data that are estimable by the generalized method of
moments (GMM), under mild regularity conditions. Here we show how to obtain versions
of the AR statistic for which the regularity conditions in Stock and Wright (2000) can be
verified for models with learning. For a detailed description of the AR statistic, the reader
is referred to the excellent surveys of Stock et al. (2002), Dufour (2003) and Andrews and
Stock (2005).

To explain our proposed method of inference, it is useful to illustrate the basic principle

of the AR test in its original setting, the prototypical linear IV model. Suppose we are
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interested in testing the null hypothesis Hy : 8 = 6y on the parameters of the model y;, =
Y;0 + u;, where the regressor Y; is endogenous and u; is a disturbance term, and suppose
there exists an exogenous vector of instruments Z; such that E (Zyu;) = 0. The principle
of the AR test is not to test Hy directly, but rather take a somewhat lateral approach by
testing the exclusion restrictions that are implied by Hy. Since, under Hj, the disturbance
term is observed, u? = y; — Y;0y, the AR test can be obtained as the usual F test of 1) = 0 in
the auxiliary regression u? = 1 Z; + (,. Moreover, the distribution of the AR statistic does
not depend on the correlation between the regressors and the instruments, i.e. on whether
the parameters # are identified or not, and is therefore fully robust to weak instruments.
When the model is just-identified, the AR test even has certain optimality properties, see
Andrews and Stock (2005).

The models that we consider can be expressed in the form h();;0) = n,, where ),
denotes the observed data and 7, is an unobserved disturbance, which could be a vector
when the model consists of several equations. The parameter vector 6 includes both the
structural parameters of the model and the parameters of the learning algorithm, such as
the gain parameter under CGLS. Identifying assumptions, such as exclusion restrictions, are
usually placed on the dynamics of the disturbance term, which is typically interpreted as a
structural shock. A common assumption is that 7, is a martingale difference sequence, such
that F;_1n, = 0. Based on this over-identifying assumption, we can identify the parameters
by the moment conditions E [Z;h ();0)] = 0 for any predetermined instruments Z;. Then,

the AR statistic for testing the hypothesis Hy : 6 = 6 is given by:’

AR (00) = (Z M) Vi (Z zﬂﬁ) ®

t=1

where 1? = h (), 6p) and ‘A/Z77 is an estimator of the asymptotic variance of T—1/2 Zthl Zm?,

"When 79 is a vector, i.e., when the model consists of a system of structural equations, Z; must be defined
as a matrix whose dimension is comformable to 7Y, and the auxiliary regression is a system of seemingly
unrelated regressions (SUR).
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For example XA/Z,] could be White’s (1980) heteroskedasticity consistent estimator, which is
consistent under the assumption E;_;7, = 0 and some additional mild regularity conditions,
see Nicholls and Pagan (1983).

When the sample moments 7~1/2 Zle Zym, satisfy a central limit theorem, the asymp-
totic distribution of AR (6y) under Hy is x? (k) , where k is the number of moment conditions.
Stock and Wright (2000) provide sufficient primitive conditions to establish this result, but
when Z; is highly persistent these conditions may not hold. For example, in the model we

studied in the previous section, we saw that limit theory involving the persistent regressor

e

y; is nonstandard, and this has an impact on the AR statistic as well. If we were to use

y¢ = a;_1, which is predetermined, as an instrument for equation (2), then we would have
T2 2, = o fol Ky.4 (r)dW (r), which is non-normal, see Proposition 2. There-
fore, to avoid having to work out special asymptotic theory for the AR statistic in every
application, we need to use instruments that ensure that the AR statistic is asymptotically
x? under H,. This includes predetermined variables that are weakly dependent, but it ex-
cludes lags of the endogenous variable y; or its forecast yf, which depend on the recursive
estimates a;, and may therefore be highly persistent.

The key idea behind the solution we propose is the observation that the lags of 1, are valid
instruments, and that, since 7, is a martingale difference sequence, the asymptotic normality
of T-1/2 ZtT: ; M¢My—; can be established under mild conditions based on standard limit theory,
see e.g., Hamilton (1994) or White (1984).% So, by suitable selection of instruments and the
use of the AR statistic, we have turned a difficult problem into a trivial one.

The above principle can be generalized to cover alternative assumptions on the time
dependence of the disturbances, 7,. For example, suppose we wish to weaken the assumption
E;_1m, = 0 to the assumption that 7, is an AR(1) process, which is common in applied work.

The AR statistic (8) can be easily adapted to this alternative specification: run the auxiliary

8This idea is motivated by the recent work of Gorodnichenko and Ng (2007), who used a similar approach
to develop methods of inference that are robust to misspecification in the way in which data has been
detrended.
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regression 1) = " 4);n)_; + ¢, and test the hypothesis that ¢; = 0 for all j > 1.

A confidence set for the parameters ¢ with confidence level ¢ can be obtained by ‘invert-
ing’ the AR test in the usual way. This set consists of all points 6y € © such that the p-value
associated with AR (6y) is greater than 1 — . Confidence sets for subsets of the parameters
can be obtained by projection methods. See the Appendix for computational details.

The minimum value of the AR statistic, miny AR (), serves as a formal test of the fit of
the model to the data. When miny AR () exceeds the critical value given by the ¢ quantile
of the x? (k) distribution, there is no value of the parameters 6 € © for which the exclusion
restrictions are consistent with the data at the 1 — ¢ level, and hence the ¢-level confidence
set for # is empty. In that case, we conclude that the model does not fit the data at the
(1 — ¢) level of significance.

Finally, the minimizer  of AR (f) can be used as a point estimate for 0, because it has
an interesting interpretation: it is the “least-objectionable” or “least-rejected” value of the
parameters under the AR criterion, since it is the value that results in the highest p-value
associated with the AR statistic. Moreover, since AR (f) is also a continuously updated
GMM objective function, # can be seen as a Continuously Updated Estimator (CUE), see
Stock and Wright (2000); 0 is also a Hodges-Lehmann estimator, see Hodges and Lehmann
(1963).

3.2.  Simulations

We evaluate the finite sample size and power properties of the proposed AR statistic and
compare it to the Wald statistic. Our simulations are based on a forward-looking model of

the form:

Yo = VY + Ypy1 + 0z + 1y (9)

where y7,, denotes expectations of y,,; using information available to the agents at time ¢,

which may include or exclude current values of the state variables.” Our empirical application

9See EH for a discussion of the various timing assumptions in the literature.
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in the next section consists of a system of equations of this form.

The parameters of equation (9) are sometimes called ‘semi-structural’ because they can
be expressed as functions of some deeper structural parameters. Here we consider the spec-
ification ¢, = B/(1+ Bo) and ¥, = o/ (1 + Be), which corresponds to the hybrid new
Keynesian Phillips curve (NKPC), where § denotes the discount factor, and g is the indexa-
tion parameter. We assume that the forcing variable z; is an AR(1) process with innovation
vy, and the shocks (n;,v;) are drawn from a joint Normal distribution independently across
time. Finally, the PLM coincides with the unique REE, and the learning algorithm is CGLS
with gain parameter ~.

The parameters of the model can be estimated by GMM using predetermined variables
as instruments. For the Wald statistic, we use the first two lags of 3, and z; as instruments,
while the AR statistic is computed using two lags of 1, and x; as instruments. We also allow
for an unrestricted constant in the estimation and we impose the restriction that 3 is known,
as is common in applied work. This is also done in order to highlight that identification
problems can arise even when [ is known. The parameter values (3, o and ¢ are chosen so as
to be representative of the estimates reported in the literature, while the parameters of the
forcing variable x; are calibrated to US data.

We first study the coverage probabilities of confidence intervals derived by inverting the
Wald and AR tests. Table 2 displays the actual coverage probabilities for the Wald test of
Hy : 0 = g, at nominal levels ¢ of 75%, 90%, 95% and 99%. For simplicity, we assume ¢
is known. The AR-based confidence sets have exact coverage, that is, a ¢-level confidence
interval for p contains the true value with probability ¢, with only slight distortions in small
samples. The Wald always undercovers, which means that the usual standard error bands
around the point estimate are too tight.

Figure 3 shows the power curves of the Wald and AR tests of the hypothesis Hy : 0 = o,
at the 5% nominal level of significance for sample sizes T' = 100 and 200. It is evident that

the AR test has good power, especially over the theoretically relevant parameter regions. In
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particular, it rejects with high probability the null hypothesis of no indexation, o = 0, and
it thus can provide reliable evidence on this issue of considerable interest in applied work.
The AR test does not have good power for high values of p against higher alternatives, e.g.,

it is difficult to distinguish between a high degree of indexation and complete indexation.

4. Empirical application

We apply the proposed method to a new Keynesian sticky-price model of the monetary
transmission mechanism, which was studied in the learning literature by Milani (2006; 2007)
and Preston (2005a; 2005b; 2006), amongst others. Under rational expectations, the model’s

aggregate demand and supply relations can be represented by the following Euler equations:

%)= B — (1— Bn) o (is — Eymyay — 17 (10)
- (l-a)(1-ap) 1 _ -
Ty = 05(1—0—19(,0) wTy + mwt + BE T + uy. (11)

where T, = m — omi1, Ty = (v — nry_1) — BnEy (41 — nay), ™ is the inflation rate, x;
is the output gap, i; is the nominal interest rate, and r}',u; are exogenous shocks. The
parameters o and 7 measure intrinsic sources of persistence, such as indexation and habit
formation, respectively; o is the intertemporal elasticity of substitution; « is the fraction
of firms that cannot change their price in any period; ¥ is the Dixit-Stiglitz elasticity of
substitution between differentiated goods; and w is the elasticity of real marginal costs with
respect to output.

Under RE, Equations (10)-(11) are equivalent to the optimal microfounded decision rules
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given by the infinite-horizon formulation:

Ty =k ZBT% (1= 8)Zr41 — (L —nB) o (ir — Tr41 — 7)) (12)
~ > s [1—a)(1—a 1 _ _
Ty = Et Z (Oéﬁ) |:( o (1)—(|— 19(,0) ﬁ) <CUJIT + WZET) + (1 - Oé) ﬁﬂ'T_;,_l + ur

T=t

(13)

but this equivalence does not hold under arbitrary subjective expectations, see Preston
(2005b). We shall refer to Equations (10)-(11) as the short-horizon specification, and Equa-
tions (12)-(13) as the long-horizon specification of the model. Under adaptive learning, these
two specifications have potentially different empirical implications — see Eusepi and Preston
(2008) — so we study both of them.

The model is typically completed with an inertial interest rate policy rule, whose para-
meters are estimated jointly with the rest of the parameters of the system. Instead, we focus
here only on the above two equations because of concerns that misspecification of the policy
rule equation (e.g., due to regime shifts or changes in policy targets) will spill over to the
estimation of the non-policy parameters.!’

Our estimation results are based on quarterly US data that cover the period 1960:Q1 to
2008:Q4. Inflation is measured by the first difference in the logarithm of the implicit GDP
deflator, the output gap measure is taken from the Congressional Budget Office, and interest
rates are measured by the Federal Funds rate.

For the specification of agents’ expectations we assume perpetual learning (CGLS) with
gain parameter 7, with the PLM being a first-order vector autoregression (VAR) in 7, 2,
and 4;. This differs from Milani (2006; 2007) who includes the shocks u; and 7} as additional
exogenous regressors in the PLM and assumes agents have complete knowledge of their law

of motion. Whether our PLM nests the REE depends on the dynamics of the exogenous

0Tn fact, we found that if we include the standard simple inertial policy rule used in Milani (2006, 2007),
the model is overwhelmingly rejected.
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shocks, the specification of the policy rule and the determinacy of the REE.!'*! We abstract
from these considerations here.'? In terms of timing, we assume that agents do not observe
7, ¢y and i; when they form their expectations in period ¢, as in Milani (2006; 2007). Finally,
initial beliefs are calibrated to the available pre-estimation sample, starting in 1955:Q1.13

In our estimation we fix 8 to 0.99, which is common practice, since [ is well-identified
by long-run averages of real interest rates. The parameter w turns out to be very poorly
identified, so we fix it to the value 0.8975, as in Milani (2006), to ease the computational
burden.'* Similarly, ¥, which is not identified in the short-horizon version, is fixed to 6,
which corresponds to a 20% markup of prices over marginal costs, see Sbordone (2002).

The parameter space for the estimated parameters is set, in accordance with the un-
derlying theory, as 0 < p,n < 1, 0.001 < a < 1, 0 > 0.001 and the gain parameter is
0.001 <« < 0.1, where the upper bound is motivated by the assumptions in Milani (2006;
2007).15 We use four lags of the shocks u; and 77 as instruments, and also impose the restric-
tion that u; and r} are uncorrelated, as in Milani (2006; 2007). This yields 17 identifying
restrictions. We also consider a less restricted version of the model that allows w, and r}* to
be autoregressive of order 1, giving rise to 15 restrictions.

Estimation results are reported in Table 3. The first two columns give the results for
the short-horizon specification, Equations (10) and (11). The AR test indicates that this
specification of the model does not fit the data at the 10% level of significance even when we

allow shocks to be autocorrelated. As a result, 90% confidence intervals for the parameters

' For example, it can be shown that our PLM nests the REE based on the minimum state variable solution
when shocks are uncorrelated and the policy rule has no more than first-order dynamics, or when shocks
are autoregressive of order one and there is no intrinsic persistence, both of which are consistent with our
empirical results.

12Not nesting the REE may in fact even enhance the ability of the model to fit the data, see e.g., Huang
et al. (2009).

13The choice of initialization is not so important for CGLS, see Carceles-Poveda and Giannitsarou (2007),
especially when the gain parameter is high, since initial beliefs are heavily discounted. In fact, our conclusions
seem robust to alternative initializations.

YThe poor identifiability of w is also evident in the results of Milani (2007), where posterior probability
intervals are wider than the prior ones he used.

15Milani’s prior distribution restricts the gain parameter to be less than 0.1 with probability 0.999. Most
other studies fix or calibrate the gain parameters to values well below 0.1, and typically around 0.02.
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are empty.

The last two columns give the results for the long-horizon specification, Equations (12)
and (13). This specification fits according to the AR test even without autocorrelated shocks
with a p-value close to 40%. The version without autocorrelated shocks produces very tight
confidence intervals for all parameters. We find that intrinsic sources of persistence are highly
significant, which is in line with the corresponding results in Milani (2006, Table 1). The
gain parameter 7 is higher than is typically assumed or estimated, since values lower than
0.044 are outside the confidence interval. The price stickiness parameter « is estimated quite
high at 0.99 though 1 is rejected, so the Phillips curve (13) is not completely flat.!¢ The
slope of the aggregate demand relation (12), which is proportional to o, is also estimated
to be quite low, but again significantly different from zero. These results suggest relatively
weak monetary policy transmission.

Finally, turning to the results of the model with long-horizon expectations and autocor-
related shocks, we see that the parameters are very poorly identified since all confidence
intervals are uninformative. This suggests that it is difficult to distinguish intrinsic sources

of persistence from exogenous dynamics in the shocks in a model with adaptive learning.

5. Conclusion

The objective of this paper was to study classical inference in models with adaptive
learning, and we made the following contributions. First, we showed that standard methods
of inference are unreliable, and we provided explanations for this result. Specifically, we
showed that this can be attributed to weak identification and persistent dynamics induced
by learning.

Second, we provided a solution to the problem of inference. Our proposed method is
based on the Anderson and Rubin (1949) principle of testing the identifying restrictions of

the model. The method is quite general and fully robust to the above problems, and its

16 Milani (2006) reports a similar estimate, but for a model with highly autocorrelated shocks, which is the
opposite of what we find here, see last column of Table 3.
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implementation is straightforward. Simulations showed that our method is reliable and has
good power in finite samples. An empirical application on a new Keynesian sticky-price

model demonstrated the usefulness of the proposed method in practice.
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5
3 0.0l | 0.05 [ 0.1

0.90 [ 20,000 | 3,000 | 1,000
0.95 | 40,000 | 6,000 | 4,000
0.99 | 100,000 | 40,000 | 10,000

Table 1: Estimates of the minimum sample size T that is needed for a 5% nominal level ¢-test
on (3 to be rejected no more than 10% of the time under the null hypothesis. The model is
yr = Bys + 0 +n, with CGLS learning and gain parameter ~. 7, is Gaussian white noise with
unit variance, 0 = 0 and learning is initialized using a pre-sample of 1000 observations. T is
incremented by 10" up to 10", then by 10"*! up to 10"*2 and so on, starting with n = 2.
The number of Monte Carlo replications is 2000.
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Wald | AR
Confidence level ¢
T ™% 90% 95% 99% | 5% 90%  95%  99%

100 || 48. 7 63.0™ 70.4™ 82.0"™ | 73.1" 88.5" 94.0" 98.6"*
200 || 56.0** T71.2** 787 89.2** | T4.1* 89.4 944" 98.9
400 || 59.6™ T75.5™ 82.6™ 92.2** 745  89.7 949 989
600 | 60.2** 76.7** 84.3** 93.1** 75.0 899 949  99.0
800 || 60.8** 78.3* 85.4™ 94.5" 75.2  89.6 94.5* 99.0
1000 || 61.5* 78.2* 85.7"* 94.5™ 75.0  90.0 949  99.0
10000 || 66.3** 83.4** 90.4** 97.1** 75.6 903 951 99.0

Table 2: Coverage probabilities of Wald and AR-based confidence sets with level ¢ for g in
the model y; = /(1 + Bo)ys,1 + o/ (1 + Bo)y—1 + 0z + n, with CGLS learning and gain
parameter v = 0.01. Parameter values: g = 0.99, o = 0.65 and § = 0.15. z; = 0.92;_1 + vy,
and (n,,v;) are i.i.d. Normal with zero mean and E(n?) = 3, E(n,v;) = 0.1, E(v?) = 1. One
or two asterisks indicate coverage probability is significantly different from ¢ at the 5% or
1% level, respectively, based on 10000 Monte Carlo replications.
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Short-horizon version

Long-horizon version

Autocorr. Shocks No Yes No Yes
Parameter
o0 (indexation) 0.39 0.61 0.85
- — [0.58,1] [0,1]
n (habits) 0.34 0 1 0.99
- - (0.93,1] 0.03,1]
o (IES) 0.001 1.29 0.005 0.35
- . [0.0013,0.101]  [0.001,6.08]
a (Calvo) 1 0.38 0.99 0.07
- - 0.95,0.99] 0.001,1]
v (gain) 0.099 0.099 0.092 0.064
— — [0.044,0.1] [0.001,0.1]
minAR (6) 35.45 24.62 18.22 10.88
(0.005) (0.056) (0.375) (0.761)

Table 3: Estimates of the two-equation new Keynesian sticky-price model with habits and
indexation under CGLS learning. Four lags of the shocks are used as instruments in each
equation, and the restriction that shocks are uncorrelated is also imposed. Models that (do
not) allow for autocorrelated shocks have (17) 15 restrictions. The estimation sample is
1960:QQ1-2008:Q4. Square brackets contain 90% confidence intervals based on the Anderson-
Rubin statistic, parenthesis contain p-values.
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Density of t statistic for B, RLS Density of t statistic for 8, RLS

0.4

i —— T=100 i

075k T=1000
! —— - T=10000

——— N(0,1)
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Figure 1: Densities of t statistics under the null hypothesis for the coefficients of model
ye =By +0+ 1, yr =y 1+ (yt_l — yf_l) for samples of size 7" = 100, 1000, 10000. 7, is
Gaussian white noise with unit variance, § = 0.9 and § = 0. RLS corresponds to v, = 1/t,
CGLS to 7, = 0.02, and y§ = 0. The number of MC replications is 30000.
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density of T¥2(B—p) density of T2 (5—5)
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Figure 2: Densities of the OLS estimators for § and ¢ in a sample of size 7' = 100 (solid
lines), local asymptotic approximations given by expression (7) (dotted lines) and normal
asymptotic approximation (dashed lines). The model is y; = Sy + 6 + 7, with CGLS with
parameter v = 0.02, and § = 0.99, § = 0, and learning is initialized at ag = 1. The number
of MC replications is 10000.
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Figure 3: Power curves of 5% level Wald (dotted line) and AR (solid line) tests of the null
hypothesis Hy : 0 = g, (indicated by vertical line) in the model v, = 3/(1+ Bo)ys, ;1 + o/ (1+
Bo)yi—1 + oxy + n, with CGLS learning and gain parameter v = 0.01. Parameter values:
£ =0.99, p=0.65 and § = 0.15. z; = 0.9z, 1 + v;, and (n,,v;) are i.i.d. Normal with zero
mean and E(n?) = 3, E(n,v;) = 0.1, E(v?) = 1. Sample size is T = 100 (left column), and
T = 200 (right column). The number of MC replications is 10000.
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A Appendix

Proof of proposition 2. Solving equation (5) in terms of {n,},_, and ag, we obtain:
t—1 ’
g—a=1-1=-8N (aw—a)+y> 1—1=5 n
i=0

Substituting for 3 and v using v = ¢/v/T and 1 — (1 — §) v = exp (¢/T), this can be written

as:

-1
a; —a =T (g — a) + % Z e? Ty, .
i=0

Let the standard Brownian motion W such that, for 0 < r < 1, T-1/2 Zgﬂ N, = o,W (r) as
T — oo. Then \% S ey = 1oy Jy (1), see Phillips (1987, Lemma 1), where J
is an Ornstein-Uhlenbeck diffusion with J, (0) = 0 and parameter ¢, driven by the Brownian
motion W (r). Moreover, since e? — e/I'TV/T — 0 as T — oo uniformly in 0 < r < 1,
equation (6) follows by Slutsky’s formula for weak convergence. Now, consider the scaled

OLS estimators:
-1

VT (5 - 6) T! Zthl at2—1 T Zthl at—1 T2 Zthl Q-1

VT (3 — (5) 71 Zthl i1 1 T-1/2 Ethl i

Since Ky 4 (1) is adapted to W (r), it follows that Zthl at_lj}—% = o, fol Ky (r)dW (r).

Moreover, application of the continuous mapping theorem shows that 7! Zthl a1 =

"Kpo(r)dr and T2 a2 . = [V K2 (r)dr, and hence, the result (7) follows. m
0 e t=1“t—-1 0 e

Computation of confidence sets The CGLS algorithm in section 4 is given by

ar = a1+ (Ve — a1 Xy) Xt/Rt_l (14)

Rt = Rt—l + Y (Xth — Rt—l) (15)
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fort =1,2, ..., where Y; = (x;,7,4,;)" and X; = (1, 2,1, m_1,4;—1) . The initial conditions are
obtained by least squares over the pre-estimation sample of ¢y quarters, Ry = Zzoz_ol X_; X /,j
and ag = Zjoz_ol Y_; X Ry

Projection-based confidence sets for each parameter, 6, of the model are obtained by
comparing the statistic ming-i.g-i AR (96, H_i) to the appropriate critical value of the x? (k)
distribution for each 6 € ©', where ' denotes the remaining parameters. Optimization
with respect to the gain parameter is performed by grid search over range 0.001 to 0.1.
Grid search is used also for « in the long-horizon version of the model, over the range 0.001
to 1. Since the AR criterion function is continuously differentiable with respect to the
remaining parameters and the parameter space is bounded, minimization is performed using
a sequential quadratic programming algorithm. The range of the remaining parameters is

(0,n) € [0,1]* and o > 0.001. All computations are carried out using Ox version 5.1, see

Doornik (2007).



