PERFECT EQUILIBRIA OF A MODEL OF N-PERSON
NONCOOPERATIVE BARGAINING
by
Vijay Krishna and Roberto Serrano
Harvard University and Brown University
April 1993

1. Introduction

Thi s paper investigates the set of subganme perfect equilibria
associated with the nodel of noncooperative bargai ning proposed by
Hart and Mas-Colell (1992). The gane form studied is defined over
the class of cooperative ganes in coalitional form For ganes
with transferable utilities (TU ganes) Hart and Mas-Colell (1992)
show that their game has a unique stationary subganme perfect
equilibrium the expected payoff from which is the Shapley val ue
vector of the underlying coalitional gane.

A key feature of the ganme form proposed by Hart and Mas-
Colell (1992) is that it admts the possibility of partial
breakdown, that is, situations where only a subset of the players
are parties to the final agreement. This results from the novel
feature that if a proposing player's offer to the other players is
not unani nously accepted, there is an exogenous probability, (1-
o), that the proposer wll be renoved from the gane. The
paranmeter o, denoting the probability that the game will continue
with the original set of players, plays nuch the sane role as a
di scount factor.

Wiile the stationary equilibrium does not depend on the
parameter o, our analysis reveals that the set of perfect
equi | i brium payoffs depends crucially on the value of p. In this
paper we report three results. Al pertain to TU ganes.

(i) For small values of o, there is a wunique perfect
equi |l i brium payoff, the Shapley value payoff vector (Theorem 3.1
bel ow) . Thus for small p, restricting attention to stationary
perfect equilibria does not restrict the set of perfect
equi | i brium payoffs.
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(ii) Wen o is close to 1, typically there are multiple
perfect equilibrium payoffs. However, the set of perfect
equi li brium payoffs is not the sane as the set of individually
rati onal payoffs, and thus an inplication of this is that in
general, there is no "folk theorem like result for the nodel at
hand. Theorem 3.2 bel ow provi des an exact characterization of the
set of perfect equilibriumpayoffs for |arge p.

(i1i) For the special class of symmetric ganes, we are able
to provide a characterization of the set of perfect equilibrium
payoffs for all values of o (Theorem 4.1 below). This result
general i zes Shaked's analysis of the n-person pure bargaining
probl em (see Gsborne and Rubi nstein (1990)).

W hope to study the set of perfect equilibria associated
with NTU ganes in a subsequent paper.

2. Prelimnaries

Let (N, v) be a TU gane in coalitional form N = {1, 2,
, n} is the set of players and v : 2" _y Ris the characteristic
function defining the gane. As always, v(g) = 0. The gane (N, v)
is assunmed to be O-nmonotonic, that is, for all S - N and i ¢ S
v(iS y {i}) > Vv(S) + v(i). W also assune that the gane has been
O-normalized so that for all i, v(i) = 0.

Consider any set S of at least two players. For every i in
S, definet, g as

1 .
ti'S_S(S-])_Z v(ij) 1

jes i

(where s = | S |). Denote by t, the s-vector whose ith conponent
ist, .
For every S — N that consists of at least two players, define
t he set
T.={x ¢ R: x(9 < Vv(S) and x > tJ.
Ve will also wite Eff T, ={x ¢ R : x(S) =v(S) and x > tJ.
As an exanple, consider the three player gane where v(12) =
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12, v(13) =6, v(23) = 0 and v(123) = 12. For this game t, = (3,
2, 1) and Figure 1 depicts Eff T. The point b(1l) = (v(N-t,-t,,
t,ew ts0 = (9, 2, 1). The points b(2) and b(3) are defined
simlarly.

The Shapl ey value payoff for player i in the gane (N, v) is
defi ned as:
1
swvy= Y OO gy vk g 2
[(RCN:ieR} n!
where as usual, r = | R|. Let Sh denote the Shapley val ue payoff
vect or.

It is instructive to note that we can rewite (2) as:

ShNv= Y MHR) WR_D)]

{RcN:ieR,r>2}

DY

{RCN:ieR,r= 21 ( 1)

[VR)-v(R_i)]

and the second termin (3) is exactly t, . Thus t  is just the
termin the sum describing the Shapley value that consists of the
expected marginal contribution of player i to single player
coalitions. Because of O-nonotonicity, Sh o Eff T, (as in Figure
1).

Next, suppose that | N| > 2 and observe that by definition:

Zti,ka Z(n 1)( 2)2 v(ij)

k#i k#i J#iLk

1
( ) mV(J)

This results in the foll ow ng useful recursion:

i __Zthk 5

k#i

Let G(p, N) denote the gane proposed by Hart and Mas- Col el
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(1992). This is defined recursively. First, suppose S = {i, j}.
The game Jp, S) is defined as follows. One of the players i or
j is chosen, with probability 1/2, as the proposer. Call G(p, 9
the gane that results after i has been chosen as the proposer. In
G(p, S) player i makes an offer x such that x, + x, < v(ij). If |
accepts the offer the gane ends. Qherwise, (a) with probability
(1-p), the ganme ends, and both players receive 0; and (b) wth
probability p, (Gp, S) is played again, that is, the proposer is
chosen at random and so on. Now suppose that S -~ N, with | S| >
2. In (p, S) one of the players, say i,_is chosen wth
probability 1/s as the proposer. In the subgame G(p, S), i makes
a proposal x such that x(S) < v(S) and each player in S\i is asked
to either accept or reject i's proposal. The responses are nade
in increasing order of the player indices. If all accept the
offer the gane ends. Qherwise, (a) with probability (1-p) player
i is renmoved from the ganme and receives a payoff of 0 and the
players in S\i play the gane (o, S\i); and (b) with probability
oo p, S) is played again, that is, a player fromS is chosen at
random to nake a new offer and so on. W refer to Hart and Mas-
Colell (1992) for a detailed description, the interpretation of
the gane formand its notivation.

VW wish to alert the reader that our formulation of p, N
departs fromthat of Hart and Mas-Colell (1992) in two respects.

First, we O-nornalize the ganme so that for all i, v(i) =0
whereas the Hart and Mas-Colell (1992) normalization allows v(i) >
0. This, of course, is an inessential difference.

Second, we have assuned that a proposer that is renmoved from
the gane receives a payoff of v(i) (which is O because of our
nor mal i zati on). Hart and Mas-Colell (1992) have argued that in
many situations it rmay be appropriate to "punish" a proposer that
is renoved from the game nore severely, with a payoff d < v(i).
And certainly, this is nore general. W have chosen the sinpler
specification in which, wupon renoval, a proposer's payoff 1is
exactly v(i) as it allows a sinpler statenments of our results.
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Wile this is a substantive departure from the original
formulation, in Section 5 bel ow we indicate how our results can be
easily anended to allow proposers to be punished with d rather

than v(i).

PE[A o, NN] w il denote the set of payoffs from perfect
equilibria of p, N).

As a prelimnary step, consider the case when | N | = 2.

Argunments analogous to those for Rubinstein's (1982) two-person
alternating offer game inply that there is a unique perfect
equi | i brium payoff. Thus we state w thout proof:

ProPosITION 2.1:  Suppose | N | = 2. Then PE[Ep, N] = {(t,, t,)}
= {Sh}.

3. Perfect Equilibria

VW begin with a result that shows that for small values of o,
the gane G o, N) has a unique perfect equilibrium payoff: the
Shapl ey value. That such a result is true when o = 0, and thus
A p, N consists of a finite nunber of stages, has already been
observed by Mas-Colell (1988) and Hart and Mas-Colell (1992). The
result bel ow suggests that for the proposed gane the Shapl ey val ue
is an especially salient outconme when the risk of breakdown is
hi gh.

THEOREM 3.1: If oo < 1/(n-1) then Sh is the unique perfect
equi | i brium payoff of o, N).

ProoF: W argue by induction on the nunber of players. For two
pl ayer games Proposition 2.1 inplies that for all o < 1, there is
a uni que payoff vector. Suppose that for all (n-1) player ganmes
A p, MNi) the unique perfect equilibrium payoff is Sh(Ni, v)
whenever o < 1/(n-2). Suppose that o < 1/(n-1) < 1/(n-2).
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From Hart and Mas-Colell (1992) we know that {Sh} - PE o,

N]. For all i, let m (resp. M) denote player i's infinmm(resp
suprenun) payoff in a perfect equilibrium of o, N). Wt hout
| oss of generality relabel the players so that (Sh, - m) = max

{(shy - m :j N
Let ¢ > 0 and consider the offer x by player 1 where for al
i+ 1 % = (1-g)Sh(M1, v) + o[V(N) - 5.m] + ¢ and X, = V(N -
XX -
First, notice that for all i » 1, x, > (1-p)Sh(N1, v) + oM.
Thus the offer x is sure to be accepted. Consider player n. If
players 2, 3, ..., n-1 have already accepted, player n wll do
strictly worse by rejecting x. Thus n will accept if all others
have al ready accepted. Now consider player n-1. |If players 2, 3,
, h-2 have accepted, then by accepting player n-1 will trigger
an acceptance by player n and this is better for n-1 than
rejecting. Wrking backwards in this fashion establishes that al
pl ayers will accept x.
Next, observe that

5= (1-p)Lsu(N_LV)+ pEitv-Tom ] +(n-1)e
= (]-p)gShi(N_], v)+ pg[v(]\f)—gm; +mi ] +(n-1)e 6
= (1-p Jv(N_1) + p(n-1)3$h,009-m] + p 2o+ (n-1Je
and t hus,
x,=v(w-a-p)vav_1)—p(n-l)g(sij-mj)-pgmi -(n-1e
= (1-p)[Y(N) - V(N_1)] - p(n=-1) (S, m,) oty p 2 = (n-1)e 7

=(I-p)[v(N)-v(N _1)] - p(n-Z)jZi;(Sh,»-mj )+ pini-(n-D)e
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where we wite Sh, = Sh(N, v).
Consi der the followi ng strategy for player 1. in G(p, N) nake
the offer x and in G(p, N) reject all offers. W can then wite:

1 ] & )
mzZ;xz+EZ[(1'P)Sh1(N_l,V)+Pm1]

i—2
8
" : n-1
:le"(]'/))iZSfu(N_l; V)+,0 mi
n ni-; n

and substituting from(7) we obtain:

mi2(1- p)[f[v(N) VN_1)] +£ S si(N_i,v)

n-2 & n-1 ?
E(Shj-l’l’lj)‘i‘pl’lﬁ— &
J=1 n

-p
n

Since the termin brackets is exactly Sh, we can rewite (9) as

(1-p)(Shi-m)-"" < p(n-2 1Y (Sh-m,) 10

j=1

And since (10) holds for all ¢ > 0, we can infer that
p I <
(Shl-m1)S|:_(n-2):|_Z(Shj'mj) 11
I-p n =

But since p < 1/(n-1), [p(Nn-2)/(1-p)] <1 and thus if it were
the case (Sh, - m) > 0, we would have that

] n
(Shz‘mz)<;Z(Shj-mj) 12

J=1

which is inpossible since for all j, (Sh, - m) > (Sh, - m). Thus
(Sh, - m) = 0 and as a result for all j, (Sh, - m) = 0. Thi s
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conpl etes the proof. O

Qur main result concerning the perfect equilibrium payoffs of
the game (o, N when o is large is the follow ng.

THEOREM 3. 2: There exists a p* < 1 such that for all o > p*, the
set of perfect equilibriumpayoffs of p, N) is T,

The proof of Theorem 3.2 is incorporated in Lemmas 3.1 and
3.2 below and uses sone ideas from Shaked's analysis of the three
person pure bargai ni ng probl em

Lema 3.1: For all o ¢ (0,1), PHEp, N] = T,

Proor:  We will argue by induction on the nunber of players. By
Proposition 2.1 the statement is true for all two-player ganes.
So, suppose that for all sets S of (n-1) players every perfect
equi librium gives each player i at least t, . Let N consist of n

pl ayers.
Let m be player i's infimum payoff in a PE of Gp, N).
Consider the followng strategy for i: at any stage, in any

subgane of the form G(p, N, ask for v(N; and in any other
subganme, regardless of the history, reject all proposals. Suppose
that player k is the proposer. If i follows the strategy given
above, with probability (1-p), k will be renoved fromthe gane and
in the subsequent game ( p, MkK), by the induction hypothesis i's
payoff will be at least t, ,. As aresult we have that:

1 1
mizzpmi—'—_ Z [(1=p)tin it Pl B

Npen i

Using (5) we can rewite (13) as:

1 n-1
mizzpmi—f—(l-p)ti,N_’_Tpmi’ 14
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Rearranging and dividing by (1-p) then yields that m > t, . O

LEMA 3.2: There exists a p* < 1 such that for all o > p*, T,

PE[J o, N].

ProOF: Again we argue by induction. That the statenent is true for
two- pl ayer ganmes is inplied by Proposition 2.1. So suppose that
there exists a p** such that for all sets S consisting of n-1 or
fewer players o > o** inplies that T, - PE[Gp, 9].

Let N consist of n players and let Eff T, = {x ¢ R : x(N =
V(N) and x >t} be the set of efficient payoff vectors in T,

Case 1: For all two-player coalitions S, v(S) = v(N.

In this case for all i, t, = Sh and thus T,Z = {Sh}. Then
fromHart and Mas-Colell (1992) we know inmmediately that {Sh} = T
c PEEEp, NJ.

N

Case 2: There exists a two-player coalition S such that v(S) <
V(N) .

W proceed in two steps. W first argue that the extrene
points of Eff T, can be supported as perfect equilibrium payoffs.
VW then argue that any point in T, can al so be supported.

Define b(k, N = (t,  t,, ... , tu [VIN - 5. t, ], tiw

, t.» as the point in T, where all players except k get a
payof f exactly equal to the |ower bound established in Lemma 3. 1.
The points {b(k, N) : k < N constitute the n extrene points of

Eff T, and we wll construct perfect equilibria which result in
t hese payoffs. Simlarly, b(k, S) wll denote the s extrene
points of Eff T, (See Figure 1 for an illustration.)

For each k consider the n offers z'(k), i < N It may be

hel pful to think of this as an offer nade by i that "rewards" k.
(i) The offer z'(k) is defined by: for all j -k, z‘(k) = [(1-
p)tj,N\k + ptj,N] and Z:(k) = [v(N - 2 ij(k)]-
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(ii) For i » k, z'(k) is defined by: for all j & i,Kk, zji(k) = [(1-
p)tj,N\i + ptj,N]; Zil(k) = oty and le(k) = [v(N - 2 Zjl(k)]'
First, notice that for all j » k

" 1
izzz](k - Z[(I'p)lj,NJ“'plj,N]+i,0tj,N
ni= n i n
1
:(]_p)[;ztj,i\/_i] +pl‘j,N 15

i#j

=tinN.

where we have used (5) again, and thus

éiﬁ;z"(k)%(k) 16
Second, observe that:
pbilk N) < zi (k) 17
To see this, wite (17) as:
p[v(N)-Z;,tj,N] SV(]V)-(I-,O)Z];U,M-,L?Z];U,N 18
% % =
which is equivalent to
Z;tA,-,N_k <v(N). 19
But (19) is true since
S S V(N _k)<v(N). 20

Jj#k

Third, since y t,, < v(N, we have that for all k, t <
b.(k, N) and si nce for al | I~ K,

z(1) = ot (17) imrediately inplies that: for | - Kk,

e () <z (k). 21
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Finally, we establish an inportant fact.
CAaM There exists a or such that for o > o for all i, Kk,

(Lz)[ W)= pin] S(1- )b (6N i)+ pioy (5 N) 2

Proor o QLA (Ohserve that:

| 1 (n- 2)
20 gy A +(n "

(n
I’l(l’l I)Z:k; 0) l#z 23
(n 2) 1
2 v - Dv(N,
(n)()(n)()(])()( )V(N)
_(n-2)
D) v(N)

where again we have used the assunption that for at |east one two-
player <coalition S, Vv(S) < Vv(N) and that every two player
coalition occurs in the sumin (23). But (23) can be rearranged
as

[VN) - tin] <VIN) =D 1w
(n- ) P 24

= n(k, N).

Thus for o Jlarge enough, (22) follows inmediately. Thi s
establishes the claim

Let o* = max {p**, o} and suppose that o > p*.

Consider the following strategies in Gp, N), presented in
the |language of automata (see, for instance, Osborne and
Rubi nstein (1990)). The actions of players in any subgane are
determned by the value of a "state" variable k that can take on
values 1, 2, ... , n. Intuitively, k should be thought of as the
identity of the player to be "rewarded"; all other players,
including j, are "punished". Once an offer has been made the
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state variable is revised, if necessary. The strategies are
described in Table 1 below where the indices i, j and k are
di stinct.
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State k
Gane G(p, N G(p, N
i Accept x if x, > z/(k) Offer z'(k)
J Accept x if x > z/(k) Accept x if x > z/(k)
k Ofer z'(k) Accept X if X >
[(1-p)b(k, Ni) +
ob, (K,
Transitio |If, in state k, the proposing player h proposes x
n wth x, >
Rul e z

h

"(k), then go to state |, where | . his the
player with the | owest index for whomx, < [V(N) -
z'(k)]/(n-1). CQherwise, the state remains k.

If, in state k, the game (o, N\j) is played (] =
k) play an equilibriumof G p, Mj) that yields a
payof f of b(k, MNj).

If, in state k, the game (o, NNKk) is played,
play an equilibriumof G p, NMK) that yields a
payof f of t,.

Table 1

Perfect Equilibrium Strategies
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We now verify that the strategies specified in Table 1 forma
perfect equilibrium

First, suppose the state is k and the gane being played is
G(p, N where (i » k). Consider player j's rule (j » i, k) for

accepting offers. If any player responding before j has already
rejected x, |j's response is irrelevant. If there has been no
previous rejection, by rejecting, in the next period, player j's
expect ed payof f will be exactly [(L-p)t, 0+ ot =
ZJ'

“(K) . Thus acceptance of x if and only if x >
z

i

“(k) is a best response by player j » k to the other players'
strat egi es. Now consider player k's rule for naking offers when
the state is k. Suppose k proposes x with x >

k

Zy

“(k). Then there is a player | such that x, < [V(N - pt,J/(n-1)

and assune wi thout |oss of generality that the state will change
to|l. Then by the claim above, player | wll find it profitable
to reject and according to the strategies outlined above, player k
wi | t hen get a payof f of : (1-p)0 + ot n =
Zk

“(1). But from (21) we have t hat
Zk

(1) <
z (k). Thus k cannot profitably deviate and offer an x such that
X, > z.(Kk). Suppose k nekes an offer such that for all j, x >
[V(N -

Zy
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“(k)]1/(n-1). Then the state will remain k. Acceptance of this
of fer cannot benefit player k. If it is rejected, then according
to the strategies outlined above, player k will then get a payoff
of : (1-p)0 + ob (K, N) <
z(k), from (17). Thus, given the strategies of the others,

pl ayer k cannot profitably deviate in G(p, N).

Second, suppose the state is k and the gane being played is
G(p, N, and consider player j's rule (j » i,k) for accepting

offers. By the sane argunent as in the previous paragraph,
accept ance of X i f and only i f X >
z

i

'(k) is a best response by player j » i,k to the other players'
strategies. Now consider player k. In state k, player k's payoff
in the next period wll be [(1-p)b(k, MNi) + pcb(k, N] and thus
acceptance of x if and only if it is at least as large as this
amount is a best response for player Kk. Finally, the argunent
that player i is at a best response is also the sane as in the
pr evi ous par agr aph.

Thus we have argued that the extrene points of Eff T, are
perfect equilibrium payoffs.

Finally, supposey T, Then for all k, and | » k, b(l, N
=t.v<VY <b(k, N. Then we can find n offers y' such that:

(i) (Unx, Y =vy;

(ii) for all kand | »k, z(I) <V, < z,(k).

Notice that (ii) inplies that for all i » k, vy, > (1-p)t, . *+ o,y
and y, > ot,

W can now construct an equilibriumof G, N) that results
in a payoff of y as follows. W do this by "appending"” an initial
state, 0O, to the equilibria inplicit in Table 1 above. The
equilibria of Table 1 are used as "punishnents" to enforce the
equi li brium outcone y. W now describe the anendnents/additions.

Initially set the state variable to be O. In state 0, in
G(p, N) player i nmakes the offer y'. Any player j » i accepts an
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offer x if and only if x > (1-p)t + pot, . If, in state 0, the
proposing player i proposes x with x > vy', then go to state I,
where | » his the player with the | owest index for whomx, < [y(N)
- y/1/(n-1). Qherwise, the state remains O.

In any state k . 0O, the strategies clearly constitute a

jo N

perfect equilibrium To verify that the strategies are best
responses when the state is 0, notice that y(N < v(N and from
(i),

yi

| > ot v Hence [y(N -
_yi

1/(n-1) < [V(N - pt, J/(n-1) and thus from (22) we have that for
al | o > o*, [y(N -
yi

1/ (n-1) < (1l-o)b(k, MNi) + ob(k, N. The rest of the
verification is the sane as for a state k . 0 and we omt the
details. O

4. Symmetric Ganes
The ganme (N, v) is symetric if for all R SN | R| =
S| inplies that v(R = v(S). Thus such ganes can be conpletely
described by (n-1) nunbers (v, Vv v.) where v_is the worth

39 - e ey

of coalitions of size s. The O-nonotonicity condition inplies
that for all s, v, <v,. Aso, for all i, t, = v,/n and Sh =
v,/ n.

For symmetric ganes we are able to provide a characterization
of PE[J p, N] for all values of po. It should be noted that for

symmetric games a player's expected contribution to coalitions of
Size (s-1) or less is v/n.

THEOREM 4. 1. Suppose that (N, v) is a symetric gane.
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(i) If p<1/(n-1),
PE[A o, N] ={x : vi, X, =v/n};

(ii) If for sones =2, 3, ... , n-1 (1/s) <p < 1/(s-1),
PE[A o, N] = {x: x(N <v, and yi, X, > v/n}.

The statenment of Theorem 4.1 is depicted in Figure 2 for the
case where n = 5, and (v, v, v, v, = (5 10, 20, 30). For all
values of o, the broken line labelled m (resp. M depicts a
player's mnimm (resp. maxinmun) payoff in a perfect equilibrium

of (p, N.

Proor oF THEOREM 1: Since for all i, Sh, = v/n, (i) is, of course,
t he same as Theorem 3. 1.

(ii) Suppose that for sone s =2, 3, ... , n-1, (1/s) < p < 1/(s-
1).

W first argue that a player's infinmum payoff in a perfect
equilibrium my> v/n. Again, we argue by induction on the nunber
of pl ayers. If n =3, s = 2 is the only possibility and then
Lerma 3.1 imediately inplies that m > t = v,/3. Now suppose
that for all games with n-1 players, a player's infinum payoff is
at least v/(n-1). Consider the follow ng strategy for player 1:
in the game G(p, N) ask for v, and in all other subgames reject
all offers. This results in

Vs

1 n-1
mz—pm+—/[(1-p)——+ pm] 25
n n 1

Rearranging (25) imediately yields that m> v/n.
Next define the set V(s) = {x ¢ R : x(N < v, and vyi, X >

v/ n}. VW now argue that the extreme points of Eff V(s) can be
supported as perfect equilibrium payoffs. Again, we proceed by
i nduction on the nunber of players. If n =3, s =2 is the only
possibility. Now notice that provided o is large enough, the

result follows from Theorem 3.2 since V(2) = T, As in (22), o
has to be large enough so that any non-equilibrium offer by a
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proposer which mght be profitable is rejected by at |east one
responder. Using the induction hypothesis, we can wite:

1 V2 V2 V2
—[vi- p2]<(1-p) 2+ pfy;- 22
2[\/3 3] ( P)2 [vs 3 26

Since p »1/2 and v, < v,, (27) holds.

Suppose that in all (n-1) player ganmes G p, Ni), all points
in V,(s) can be supported as perfect equilibrium payoffs.
Consider (o, N) and the extreme points of Eff V(s) which are of
the form c(k, N = (v/n, ... , v/n, [v, - (n-1)v/n], v/n, ... ,
v/ n) where all players except k have a payoff of exactly v./n.

W can construct an equilibrium that results in c(k, N
exactly in the sane manner as we constructed an equilibrium that
resulted in b(k, N) in the proof of Lemma 3.2. It is sufficient
to use v/n wherever we used t, and v/(n-1) wherever we used t,
in that construction. Once again we only need to confirmthat a
non-equilibrium offer that is profitable for a proposer wll be
rejected by at |east one responder if that responder is rewarded
in the resulting subgane. Thus we need to verify that:

V; vb
- ])[vn P ] (1-p)[vyi-(n- 2)( )]+p[vn (n-1) ] 28
whi ch can be rearranged as:
1 (n- 2)
[( ) plv.s(1 p)vn]( )" 29

But since o > 1/(n-1), and v, < Vv, , <V, We can wite:
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L prvsr—t—piv,

(n-1) (n-1)
_ (n-2)
(1-p)v, )" 30
(n-2)
S(I_p)Vn-]_(n_])Vs

whi ch confirnms (29).

Thus the extreme points of V(s) can be supported as perfect
equi libria. The rest of the proof may be conpleted as in Lenma
3.2. O

5. Extensions
Let Hp, N be the same as Jp, N except that once a
proposal is rejected, with probability (1-p) the proposer's payoff

is d < v(i). The payoffs d, i ¢ N are fixed and given
exogenousl y. Except for differences in nornalization this is
exactly the ganme fornulated by Hart and Mas-Colell (1992). In
this section we briefly indicate how our results about G p, N nmay
be extended to the nore general ganme form H o, N). W enphasize
that we continue to normalize the game so that for all i, v(i) =0
and thus for all i, d < O.

Proposition 2.1 and Theorem 3.1 remain true for Hp, N
wi t hout any change.

Theorem 3.2 needs to be refornulated as follows. First,
define for all S that consists of at |east two players and every i
e S

+Md,».
)

1

Uis ~ tis

Denote by u, the vector whose ith component is u, . and define the

set

i,S

U ={x ¢ R: xX(S) < vVv(9 and x > ug.
Notice that if |

Nl = 2, ui,N:ti,N'
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Then, anal ogous to Theorem 3.2, we can establish:

THEOREM 3. 2 There exists a p* < 1 such that for all p > p*, the
set of perfect equilibriumpayoffs of Hp, N is U,

And anal ogous to Theorem 4.1, we can establish:
THEOREM 4. 11 Suppose that (N, v) is a symetric gane and for all

(i) If p<1/(n-1),
PE[H o, N] = {x : vi, X, =v/n};
(ii) If for sones =2, 3, ... , n-1 (1/s) <p < 1/(s-1),
PE[H o, N] = {x : x(N < v, and yi, X, > [v, + (n-
2)d]/ n}.
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