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T he Welfare T heorems

Notation
Each consumer : = 1,...1 is characterized by a non-empty con-
sumption set X; C R*L and a rational preference relation ~; over

X;.

Each firm j = 1,...J has a production set Y; ¢ ®L that is non-
empty and closed.

The aggregate endowment is & € L.
Thus the basic economy is ({(Xi,ii}{zl,{Yj}jzl,J)).

A pure exchange economy is one in which Y; = —§R_L|_ for all j.
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An allocation (z,y) = ((wi){zl,(yj)jzl) consists of commodity
bundles z; € X; for all ¢« and production plans y; € Y; for each j.

An allocation (z,vy) is said to be feasible if

v J

The set of feasible allocations, a subset of RLU+Y) js:

A={(x,y) € HXz' X Hlezfﬂi = Zyj-l-@}-
) J 7 J



A feasible allocation, (z,vy), is Pareto optimal if there does not
exist another feasible allocation (2/,vy’) such that
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A feasible allocation, (z,vy), is Pareto optimal if there does not
exist another feasible allocation (2/,vy’) such that

z; =; z; for all i and x} »; z; for some i.

A feasible allocation, (x,vy), is weakly Pareto optimal if there
does not exist another feasible allocation (z,4") such that

/ .
x; =; x; for all 7.
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Private Ownership Economies

In a private ownership economy the endowment and the firms
are owned by the consumers.

Each consumer i has an endowment w; € ®% and, in each firm j,
a share 07;]- where 0 < Hz-j < 1. Naturally, we require that:

Zwi = W
i
and

Zeij =1, for all j.
(

A private ownership economyis therefore defined as:

&= ({Xi, =i, wi, (055) =1 =1, {Y; }=1).
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Proposition 16.C.1. (First Fundamental Theorem of Wel-
fare Economics). If preferences are locally nonsatiated, and
if (z*,y*,p) is a price equilibrium with transfers, then the allo-
cation (a*,y*) is Pareto optimal. In particular, any Walrasian
equilibrium allocation is Pareto optimal.

Proof: Suppose that («*, y*,p) is a price equilibrium with trans-
fers and that the associated wealth levels are (wq,...,wy). Recall

that Y, wi =p-& + 3;p- ;.

The preference maximization part of the definition of a price
equilibrium with transfers [i.e., part (ii) of Definition 16.B.4]
implies that

If x; > CE;k then p-x; > w;. (16.C.1)
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By local non-satiation, we have the additional property:

If x; =; «} then p-x; > w;. (16.C.2)

Now consider an allocation (z,y) that Pareto dominates (z*, y™).
That is, z; =; =7 for all 7 and z; >; 7 for some i.

By (16.C.2), we must have p-x; > w; for all 4, and by (16.C.1)
p-x; > w; for some . Hence,

1

dprri>Yy wi=p-o+) p-y;
i J



Moreover, because yj is profit maximizing for firm 5 at price
vector p, we have p-w + ij-y; > p-w+ >;p-y;. Thus,



Moreover, because yj is profit maximizing for firm 5 at price
vector p, we have p-w + ij-y; > p-w+ >;p-y;. Thus,

Zp-xz->p-@—|-2p-yj. (16.C.3)
U J



Moreover, because yj is profit maximizing for firm 5 at price
vector p, we have p-w + ij-y; > p-w+ >;p-y;. Thus,

Zp-xz->p-@—|-2p-yj. (16.C.3)
U J

But then (z,y) cannot be feasible. Indeed, };z; = © + >,y
implies 3>, p-z; = p-@ + > ;p-y;, which contradicts (16.C.3). We
conclude that the equilibrium allocation (z*,y*) must be Pareto
optimal.



Definition 16.D.1. Given an economy specified by ({(X;,>;
)},{:1,{5@-}37:1,&}, an allocation (z*,y*) and a price vector p =
(p1,...,pr,) = 0 constitute a price quasi-equilibrium with trans-
fers if there is an assignment of wealth levels (wq,...,wy) with

Yiw; =p-w + 3;p-y; such that



Definition 16.D.1. Given an economy specified by ({(X;,>;
)},{:1,{5@-}37:1,&}, an allocation (z*,y*) and a price vector p =
(p1,...,pr,) = 0 constitute a price quasi-equilibrium with trans-
fers if there is an assignment of wealth levels (wq,...,wy) with

Yiw; =p-w + 3;p-y; such that

(i) For every j, p-y;<p- y;‘ for all y; € Y;.



Definition 16.D.1. Given an economy specified by ({(X;,>;
)},{:1,{5@-}37:1,&}, an allocation (z*,y*) and a price vector p =
(p1,...,pr,) = 0 constitute a price quasi-equilibrium with trans-
fers if there is an assignment of wealth levels (wq,...,wy) with

Yiw; =p-w + 3;p-y; such that
(i) For every j, p-y; gp-y;f for all y; € Y;.

(ii) For every 4, ifx;>=; 27 then p-x;> w;.



Definition 16.D.1. Given an economy specified by ({(X;,>;
)},{:1,{5@-}37:1,&}, an allocation (z*,y*) and a price vector p =
(p1,...,pr,) = 0 constitute a price quasi-equilibrium with trans-
fers if there is an assignment of wealth levels (wq,...,wy) with

Yiw; =p-w + 3;p-y; such that
(i) For every j, p-y; gp-y;f for all y; € Y;.

(ii) For every 4, ifx;>=; 27 then p-x;> w;.



Proposition 16.D.1. (Second Fundamental Theorem of
Welfare Economics).



Proposition 16.D.1. (Second Fundamental Theorem of
Welfare Economics).

Consider an economy specified by ({(X;, =) }_1, {Yj}}]zl":))’ and
suppose that every Y IS convex and every preference relation >,
is convex [i.e., the set {«} € X; : o »=; z;} is convex for every
x; € X;] and locally non-satiated.



Proposition 16.D.1. (Second Fundamental Theorem of
Welfare Economics).

Consider an economy specified by ({(X;, =) }_1, {Yj}}]:lv@)» and
suppose that every Y IS convex and every preference relation >,
is convex [i.e., the set {«} € X; : o »=; z;} is convex for every
x; € X;] and locally non-satiated.

Then, for every Pareto optimal allocation (z*,y*), there exists a
price vector p = {p1,...,pr,) # 0 such that (z*,y* p) is a price
quasi-equilibrium with transfers.
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Proof for the special case of a single consumer and single firm
Let Y be the production set and let (z*,y*) be Pareto optimal.

Let V = {x € X : x > x*} be the better-than-set for the con-
sumer.

Pareto optimality here means that V n (Y + {&}) = 0.

By the convexity assumptions these two disjoint sets are both
convex.
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By the separating hyperplane theorem, there exists p # 0 and a
number r such that

p-z>rforallzeV and p-z<r forall zeY 4+ {w}.
Claim: r=p-2*=p-y"+p- 0.

Proof: Since p-a > r for all x = x*, it follows from LNS that
p-x*>r.

But z*=y*+ & and p-y+ p-w < r now yields the conclusion.



Thus we have found p # 0 such that:

o Ifz/ =z*thenp- 2’ >p-2*=p- - (y*+ &)

e p-y*>p-yforallyeyY

e ¥ =y* 4+ & (given by hypothesis)

i.e., (z*,y*,p) is a price quasi equilibrium (with transfers).
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T hree related conditions:

(A) If z; =; =7 then p-z; > w;. UMP; equilibrium

(B) If @; >=; 7 then p-x; > w;. quasi equilibrium

(C) If z; =; =7 then p-x; > w;. EMP; compensated equilibrium
Of course, (A) implies (B), and (C) implies (B).

If preferences satisfy LNS, then (B) implies (C).

If preferences are continuous and there exist locally cheaper

points (e.g. if w; > 0 and X; = RL), then (B) implies (A);
see Proposition 16.D.2.
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Proof of Proposition 16.D.1

Given the Pareto optimal allocation (z*,y*), for each i, let V;, =
{z; € X; 2y =; 7} C RE and define

V=>Vi={Y zieRt 21 €V, .z € V)
i i

Let Y denote the aggregate production set:

Yzzyjz{z%e&e’?:yl €Yy,..,y; €Yy}
J 7

Step 1: Every set V; is convex. Suppose that z; »; zF and z} >,

z¥. Take 0 < a < 1. We want to prove that azj + (1 — a)a] =; «7.
(Note the typo in the book). Because preferences are complete,
we can assume w.l.o.g. z; =; x,. Therefore, by convexity of
preferences, we have ax; + (1 — a)z, =; «, which by transitivity
yields the desired conclusion: axz; + (1 — oz)ac; —i T
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VN (Y +{@}). This means that there exists x; € V; and y; € Y}
such that
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Step 2: The sets V and Y 4 {&} are convex.
Step 3: Vn (Y +{w}) =0.

This follows from Pareto optimality. Suppose there was z &
VN (Y +{@}). This means that there exists x; € V; and y; € Y}
such that

p=) x; =) yjt+wj,
i j

i.e., (z,y) is a Pareto improvement over (z*,y*), a contradiction.

Step 4: Thereis p = (p1,...,p7,) & 0 and a number r such that
p-z>rforevery zeV and p-z <r for every z €Y + {&}.

Given steps 2 and 3, this follows directly from the separating
hyperplane theorem.
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Step 5: If x; =; x7 for every ¢ then p- (3°;x;) > 7.

(Notice that Step 4 implies the slightly weaker conclusion: If
x; =; x; for every i then p- (X;x;) > 7.)

Suppose that z; =; =7 for every i. By local nonsatiation, for each
consumer ¢ there is a consumption bundle x; arbitrarily close to
x;, such that z; > z;, and, therefore z; € V;. Hence, > ;x; € V;,
and so p- (>2;z;) > r, which, taking the limit as z; — x;, gives
p-(Ciz) >

Step 6: p- (X;z)) =p- (W+>,y;) =7
By step 5, we have p- (3;zf) > r. On the other hand, 3, zf =

> y;-‘—l—& c Y+{w}, and therefore p-(32;z7) <. Thus, p-(3;x]) =
r. Since >, xf = w + 3 y}k we also have p- (v + 3 y;f) = .
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Step 5: If x; =; x7 for every ¢ then p- (3°;x;) > 7.
Step 6: p-(X;2]) =p- (cTJ—I—ij;-‘) =33
Step 7: For every j, we have p-y; < p-y;-‘ for all y; € Y;.

For any firm j and y; € Y;, we have y; + D k£ v € Y. Therefore,
p(@+yj+>hejyy) < =p(0+y;+Xh£; ;). Hence, py; < p-yr.

Step 8: For every ¢, if z; =; =7, then p-z; > p- z.

Consider any z; =; x;. Because of steps 5 and 6, we have p -

(z; + X pzixy) 27 =p- (2] + Xk xy). Hence, p-z; > p- .
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(i) For every j, p-y;<p- y;‘ for all y; € Y (Step 7)
(ii) For every i, ifx;>=; 2 then p-x;>p- -] (Step 8)
T hese are just the first two conditions of the definition of a price
quasi equilibrium with transfers (if we let w; = p -« for all 7).
Recall the definition: J(w;), with 3, w; =p-& + ¥;p-y;, s.t.
(i) For every j, p-y; < p-y;-‘ for all y; € Y;.

(ii) For every 4, ifx;>=; 2 then p-x; > w;.

(i) Yiaf = + ¥yt

Condition (iii) follows by hypothesis - («*,y*) is a P.O. allocation.



