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UMP: Given p and w, choose a utility maximizing commodity
bundle in the budget set:

The solutions to this problem for a given pair (p,w) are the de-
mands at (p,w). And the correspondence that describes solutions
to the UMP is the demand correspondence, z(p,w).

For each (p,w) > 0, the utility value of the UMP is denoted
v(p,w) € N. It is equal to u(z*) for any z* € z(p,w). The function
v(p,w) is called the indirect utility function.
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(i) Homogeneous of degree zero.

(ii) Strictly increasing in w and non increasing in p; for any I.

(iv) Continuous in p and w.
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(iii) Quasi convex; {(p,w) : v(p,w) < v} is convex for any wv.
Proof: Suppose that v(p,w) < v and v(p/,w’) < v. For any
a € [0,1], consider then the price-wealth pair (p”,w") = (ap +
(1 —-a)p"),aw+ (1 —a)w).

We want to show that v(p”,w") <7, i.e.,
for any = with p” -z < w”, we have u(z) < 7.

Note that if p’" -z < w”, then, ap-24+ (1 —-a)p’ -z < aw+ (1 —a)w'.
Hence, either p-x < w or p’' -z < w’ (or both).
If the former inequality holds, then u(z) < v(p,w) < v,

If the latter, then u(z) < v(p’,w') <.



EMP: Given p and utility level u, choose a commodity bundle to
Mminimize the expenditure needed to attain w.

min - T
ac:u(a:)Zup



EMP: Given p and utility level u, choose a commodity bundle to
Mminimize the expenditure needed to attain w.

min - T
ac:u(a:)Zup

Solutions to this problem are refereed to as Hicksian demands
and the correspondence is the Hicksian demand correspon-
dence, h(p,u).



EMP: Given p and utility level u, choose a commodity bundle to
Mminimize the expenditure needed to attain w.

min - T
ac:u(a:)Zup

Solutions to this problem are refereed to as Hicksian demands
and the correspondence is the Hicksian demand correspon-
dence, h(p,u).

Given p > 0 and u > u(0), the value of the EMP is denoted
e(p,u). The function e(p,u) is the expenditure function.
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(i) If z* is optimal in the UMP when wealth is w > 0, then
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Suppose that «(-) is a continuous utility
function representing a locally nonsatiated preference relation
~ defined on the consumption set X = §)%_L|_ and that the price
vector is p > 0. We have

(i) If z* is optimal in the UMP when wealth is w > 0, then
x* is optimal in the EMP when the required utility level is u(x™).
Moreover, the minimized expenditure level in this EMP is exactly
w.

z(p, w) = h(p,v(p,w)) e(p,v(p,w)) = w

(ii) If ™ is optimal in the EMP when the required utility level is
u > u(0), then z* is optimal in the UMP when wealth is p - z*.
Moreover, the maximized utility level in this UMP is exactly w.

h(p,u) = z(p, e(p,u)) v(p, e(p,u)) = u.




Proof: (i) (Uses LNS). Suppose that z* is not optimal in the
EMP with required utility level u(z*). Then there exists an z’
such that u(z’) > u(z*) and p- 2/ <p-z* < w.



Proof: (i) (Uses LNS). Suppose that z* is not optimal in the
EMP with required utility level u(z*). Then there exists an z’
such that u(z’) > u(z*) and p- 2/ <p-z* < w.

By local nonsatiation, we can find an z’ very close to z’ such
that u(z”) > u(2’) and p- 2’ < w. But this implies that " € Bp
and u(z") > u(z*), contradicting the optimality of z* in the UMP.
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Proof: (i) (Uses LNS). Suppose that z* is not optimal in the
EMP with required utility level u(z*). Then there exists an z’
such that u(z’) > u(z*) and p- 2/ <p-z* < w.

By local nonsatiation, we can find an z’ very close to z’ such
that u(z”) > u(2’) and p- 2’ < w. But this implies that " € Bp
and u(z") > u(z*), contradicting the optimality of z* in the UMP.

Thus, £ must be optimal in the EMP when the required utility
level is u(x*), and the minimized expenditure level is therefore

p-xr.

Finally, since x* solves the UMP when wealth is w, by Walras’
law we have p-z* = w.
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(ii) (Uses continuity and convexity of X). Since u > u(0), we
must have z* £ 0. Hence, p-2* > 0.

Suppose that ™ is not optimal in the UMP when wealth is p-x*.

Then there exists an z’ such that u(z’) > u(z*) and p- 2’ < p-z*.
Consider a bundle z”” = ax’ where a € (0,1) (2" is a "scaled-
down” version of z’).

By continuity of (), if « is close enough to 1, then we will have
u(z"”) > uw(z*) and p- 2" <p-z*

But this contradicts the optimality of z* in the EMP. Thus,
x* must be optimal in the UMP when wealth is p- 2™, and the
maximized utility level is therefore u(x*). In Proposition 3.E.3(ii),
we will show that if ™ solves the EMP when the required utility
level is u, then u(z*) = w.
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Suppose that u(-) is a continuous utility
function representing a locally nonsatiated preference relation

~ defined on the consumption set X = §)%_L|_ The expenditure
function e(p,u) is

(i) Homogeneous of degree one in p.
(ii) Strictly increasing in u and nondecreasing in p; for any .
(iii) Concave in p.

(iv) Continuous in p and u.



Proof:

(i): homogeneity of degree 1. The constraint set of the EMP
IS unchanged when prices change. Thus, for any scalar o« >
0, minimizing (ap) -  on this set leads to the same optimal
consumption bundles as minimizing p - x. Letting z* be optimal
in both circumstances, we have e(ap,u) = ap - * = ae(p,u).
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Proof:

(i): homogeneity of degree 1. The constraint set of the EMP
IS unchanged when prices change. Thus, for any scalar o« >
0, minimizing (ap) -  on this set leads to the same optimal
consumption bundles as minimizing p - x. Letting z* be optimal
in both circumstances, we have e(ap,u) = ap - * = ae(p,u).

(ii): increasing in u non-decreasing in p;. Suppose that e(p,u)
were not strictly increasing in w, and let =/ and z” denote op-
timal consumption bundles for required utility levels v’ and u”,
respectively, where v’ >« and p-2’ > p-2"” > 0.

Consider a bundle z = az”, where a € (0,1). By continuity of
u(-), there exists an a close enough to 1 such that w(Z) > «' and
p-x' > p-Z. But this contradicts that =’ being optimal in the
EMP with required utility level /.



To show that e(p,u) is nondecreasing in p;, suppose that price
vectors p” and p’ have p > p; and p/ = p) for all k # 1. Let 2" be
an optimizing vector in the EMP for prices p”’. Then e(p”,u) =
p -2 > o2 > e(p,u), where the latter inequality follows from

the definition of e(p’,u).
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To show that e(p,u) is nondecreasing in p;, suppose that price
vectors p” and p’ have p > p; and p/ = p) for all k # 1. Let 2" be
an optimizing vector in the EMP for prices p”’. Then e(p”,u) =
p -2 > o2 > e(p,u), where the latter inequality follows from
the definition of e(p’,u).

(iii): concavity. For concavity, fix a required utility level u, and
let p”/ = ap+ (1 —a)p’ for a € [0, 1]. Suppose that 2’ is an optimal
bundle in the EMP when prices are p". If so,

e(p”,ﬂ) — p//'x/, — Oép'x”_l_ (1 —oz)p’-:c” Z oze(p, /L_l’) _I_ (1 _a)e(plvfa)a
where the last inequality follows because u(z”) > @ and the def-

inition of the expenditure function imply that p-z” > e(p, %) and
p' 2" >e(p,u)
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cave, then there is a unique element in h(p,u).



Suppose that u(-) is a continuous function
representing a locally nonsatiated preference relation > defined
on the consumption set X = §Rfr_ Then for any p > 0, the
Hicksian demand correspondence h(p,u) possesses the following
properties:

(i) Homogeneity of degree zero in p: h(ap,u) = h(p,u) for any
p,u and o > 0.

(ii) No excess utility: For any x € h(p,u), u(x) = wu.
(iii) Convexity/uniqueness: If > is convex, then h(p,u) is a convex
set; and if > is strictly convex, so that «(-) is strictly quasicon-

cave, then there is a unique element in h(p,u).

Proof: straightforward.



Suppose that u(-) is a continuous utility
function representing a locally nonsatiated and strictly convex
preference relation > defined on the consumption set X = B%ﬁ_
For all p and wu, the Hicksian demand h(p,u) is the derivative
vector of the expenditure function with respect to prices:

h(p,u) = Vpe(p,u).
That is, hj(p,u) = de(p,u)/0Op; for all I =1,..., L.
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sumer’'s Hicksian demand function simply by differentiating.



Suppose that u(-) is a continuous utility
function representing a locally nonsatiated and strictly convex
preference relation > defined on the consumption set X = B%ﬁ_
For all p and wu, the Hicksian demand h(p,u) is the derivative
vector of the expenditure function with respect to prices:

h(p,u) = Vpe(p,u).
That is, hj(p,u) = de(p,u)/0Op; for all I =1,..., L.

Thus, given the expenditure function, we can calculate the con-
sumer’'s Hicksian demand function simply by differentiating.

Proof 1: (Duality Theorem Argument). Since the expenditure
function is precisely the support function for the set K = {x €
%ﬁ_ :u(x) > u}, and since the optimizing vector associated with
this support function is h(p,u), Proposition 3.F.1 implies that

h(p,u) = Vpe(p,u).



Just as the derivatives of the utility function «(-) with respect
to quantities have a price interpretation (we have seen in sec-
tion 3.D that at an optimum they are equal to prices multiplied
by a constant factor of proportionality), (3.G.1) tells us that
the derivatives of the expenditure function e(-,u) with respect

to prices have a quantity interpretation (they are equal to the
Hicksian demands).



Proof 2: (First-Order Conditions Argument). For this argument,
we focus for simplicity of the case where h(p,u) > 0, and we
assume that h(p,u) is differentiable at (p,u).
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Proof 2: (First-Order Conditions Argument). For this argument,
we focus for simplicity of the case where h(p,u) > 0, and we
assume that h(p,u) is differentiable at (p,u).

Using the chain rule, the change in expenditure can be written
as

Vpe(p,u) = Vplp - h(p,u)] = h(p,u) + [p - Dph(p,uw)]’.

Substituting from the first-order conditions for an interior solu-
tion to the EMP, p = AVu(h(p,u)), vields Vype(p,u) = h(p,u) +

But since the constraint u(h(p,u)) = w holds for all p in the
EMP, we know that Vu(h(p,u)) - Dph(p,u) = 0, and so we have
the result.



Proof 3: (Envelope Theorem Argument). Under the same sim-
plifying assumptions used in Proof 2, we can directly appeal to
the envelope theorem. Consider the value function ¢(«) of the

constrained minimization problem:

mxin f(x, o) sit. ¢g(x,a) =0.



Proof 3: (Envelope Theorem Argument). Under the same sim-
plifying assumptions used in Proof 2, we can directly appeal to
the envelope theorem. Consider the value function ¢(«) of the
constrained minimization problem:

mxin f(x, o) sit. ¢g(x,a) =0.

If 2*(a) is the (differentiable) solution to this problem as a
function of the parameters a = (aq,...aps), then the envelope

theorem tells us that at any a = (&a1,...ay7) we have 85%7‘:‘1)

8f($*(0‘) a) )\ag(% (@).8) for m = = 1,...,M, or in matrix notation,

am

Vacb(a) = Vaf(z*(a),a) — Avag(x*(a),a)-

(See Section M.L of the Mathematical Appendix.) this result.



Because prices are parameters in the EMP that enter only the
objective function p-x, the change in the value function of the
EMP with respect to a price change at p, Vpe(p,u), is just
the vector of partial derivatives with respect to p of the objec-
tive function evaluated at the optimizing vector, h(p,u). Hence

Vpe(p,u) = h(p,u).



Suppose that w(-) is a continuous utility
function representing a locally nonsatiated and strictly convex
preference relation > defined on the consumption set X = 8%5_
Suppose also that h(-,u) is continuously differentiable at (p,u),
and denote its L x L derivative matrix by Dph(p,u). Then
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Suppose that w(-) is a continuous utility
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Suppose that w(-) is a continuous utility
function representing a locally nonsatiated and strictly convex
preference relation > defined on the consumption set X = 8%5_
Suppose also that h(-,u) is continuously differentiable at (p,u),
and denote its L x L derivative matrix by Dph(p,u). Then

(i) Dph(p,u) = Die(p,u).

(ii) Dph(p,u) is a negative semidefinite matrix.
(iii) Dph(p,u) is a symmetric matrix.

(iv) Dph(p,u)p = 0.

Proof: Property (i) follows immediately from Proposition 3.G.1
by differentiation.



Properties (ii) and (iii) follow from property (i) and the fact that
since e(p,u) is a twice continuously differentiable concave func-
tion, it has a symmetric and negative semidefinite Hessian (i.e.
second derivative) matrix (see Section M.C of the Mathematical

Appendix).



Properties (ii) and (iii) follow from property (i) and the fact that
since e(p,u) is a twice continuously differentiable concave func-
tion, it has a symmetric and negative semidefinite Hessian (i.e.
second derivative) matrix (see Section M.C of the Mathematical

Appendix).

For property (iv), note that because h(p,u) is homogeneous of
degree zero in p, h(ap,u)—h(p,u) = O for all «; differentiating this
expression with respect to « yields Dyh(p,u)p = 0. [Note that
because h(p,u) is homogeneous of degree zero, Dph(p,u)p = 0
also follows directly from Euler's formula; see Section M.B of

the Mathematical Appendix.]



Proposition 3.G.3: (The Slutsky equation) Suppose that u(-)
IS a continuous utility function representing a locally nonsatiated
and strictly convex preference relation > defined on the con-
sumption set X = R4 . Then for all (p,w), and u = v(p,w) we
have
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sumption set X = R4 . Then for all (p,w), and u = v(p,w) we
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Ohi(p,w) _ Om(p,w) | Ori(p,w)
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xi(p,w) for all I,k (3.G.3)

or equivalently, in matrix notation

Dph(p,w) = Dpx(p,w) + Dyz(p, w) z(p,w)’ .



Proof: Consider a consumer facing the price-wealth pair (p, w)
and attaining utility level w. Note that her wealth level w must
satisfy w = e(p,u). From condition (3.E.4), we know that for

all (p,u), hy(p,u) = z;(p,e(p,u)). Differentiating this expression
with respect to p, and evaluating it at (p,u), we get
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Proof: Consider a consumer facing the price-wealth pair (p, w)
and attaining utility level w. Note that her wealth level w must
satisfy w = e(p,u). From condition (3.E.4), we know that for
all (p,u), hy(p,u) = z;(p,e(p,u)). Differentiating this expression
with respect to p, and evaluating it at (p,u), we get

Ohy(p,u) _ Oz (p, e(p, u)) n Oxy(p, e(p, u)) Oe(p, u)
Opk Op; Ow Ipy,

Using Proposition 3.G.1, this vyields

Oh(p,u) _ Ox(p,e(p,u)) n Oz (p, e(p,u))
opy, opy, ow

hi(p, u).

Finally, since w = e(p,u) and hi(p,u) = zi(p,e(p,u)) = x(p,w),
we have
Oh(p, W) _ 0xy(p, @) | Oxy(p, )
Opy, Opy ow

(P, w).



Propositon 3.G.4: (Roy’s Identity). Suppose that u(-) is a
continuous utility function representing a locally nonsatiated and
strictly convex preference relation > defined on the consumption
set X = é)%ﬁ_ Suppose also that the indirect utility function is

differentialble at (p,w) >> 0. Then

L V(@)
— v p,w .
va(p,w) P
ov(p,w)/Op;

That is, for every Il = 1,...,L: z;(p,w) = ~ (5.3 /0w




Suppose that u(-) is a
continuous utility function representing a locally nonsatiated and
strictly convex preference relation > defined on the consumption
set X = %ﬁ_ Suppose also that the indirect utility function is
differentialble at (p,w) >> 0. Then

1
513(13,17)) — = - = \Y v(ﬁau_})
va(paw) P
That is, for every I =1,...,L: z;(p,w) = —gzg’gégﬂ

Proof 1. Let v = v(p,w)). Because v(p,e(p,u)) = u for all p,
differentiating with respect to p and evaluating at p = p:

Ov(p,e(p,u))

vpv(ﬁae(ﬁ7 ?7’)) _I_ aw

Vpe(p, i) = 0.
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set X = %ﬁ_ Suppose also that the indirect utility function is
differentialble at (p,w) >> 0. Then

1
513(13,17)) — = - = \Y v(ﬁau_})
va(paw) P
That is, for every I =1,...,L: z;(p,w) = —gzg’gégﬂ

Proof 1. Let v = v(p,w)). Because v(p,e(p,u)) = u for all p,
differentiating with respect to p and evaluating at p = p:

Ov(p,e(p,u))

vpv(ﬁae(ﬁ7 ?7’)) _I_ aw

Vpe(p, i) = 0.

But Vye(p,u) = h(p,u), and so:

Ov(p, e(p,u))
ow

Vp’U(ﬁ, e(ﬁa ”L_L)) + h’(ﬁa ”L_L) = 0.



Proof 2: (First Order condition Argument). Assume that x(p, w)
is differentiable and z(p,w) >> 0. By the chain rule,
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Proof 2: (First Order condition Argument). Assume that x(p, w)
is differentiable and z(p,w) >> 0. By the chain rule,

ov(p, @) _ i Ou(z(p, )) Oy (P, )
op —1 Oz Op;

Substituting for du(x(p,w))/0dx; using first-order conditions for
the UMP, we have

ov(p, 0) . Oxy(p, D) _
— Apk — —>\£Ul(p, w)a
6]9[ kgl apl

since kak%g’@ = —x;(p,w) (Proposition 2.E.2).

Finally, recall that A = dv(p,w)/ow.



Proof 3: (Envelope Theorem Argument). Applied to the UMP,
the envelope theorem tells us directly that the utility effect of
a marginal change in p; is equal to its effect on the conusmer’s
budget constraint weighted by the Lagrange multiplier A of the
consumer’'s wealth constraint. That is,

Ov(p, w)/0p; = —Azy(p, W).



Proof 3: (Envelope Theorem Argument). Applied to the UMP,
the envelope theorem tells us directly that the utility effect of
a marginal change in p; is equal to its effect on the conusmer’s
budget constraint weighted by the Lagrange multiplier A of the
consumer’'s wealth constraint. That is,

Ov(p, w)/0p; = —Azy(p, W).

Similarly, the utility effect of a differential change in wealth
Ov(p,w) /0w is just .



