Efficiency in a Public Goods Economy

Foley’'s Second Welfare Theorem and Lindahl Equilibrium



[ private goods, k£ public goods,

m consumers and a single firm.

R'Tk and a preference relation >;. The aggregate endow-
ment is w = (wg, 0).

Each consumer has a consumption set X; = X ,; X X4 C

The firm has a production set Y which is a closed convex
cone with vertex 0 (constant returns to scale).

((r,i), Tg,y) is an allocation if (z, ;,xg) € X; forallz, y €Y
and

Zwﬂ',i = Y + W,
()

a:‘g — yg.



The Free Rider Problem in a Simple Model
One private good and one public good.
Public good produced under CRS at a marginal cost of c.

Let z; denote ¢’s consumption of the private good and let
y denote the common consumption of y. The feasibility
condition is simply that

Y —c(y) = w.
(]

If ((x;),y) is Pareto optimal, then (modulo boundary con-
ditions, and assuming differentiability)

5 ui,y(mz’? y) _



Now consider the case of quasi linear utility functions,
u;(z;,y) = x; + vi(y) and ¢ = 1.

ui,y(wia y) .

Ui,y(y)'

Thus, the optimality condition is:

% 'Ui,y(y) = L.



Suppose

wi (2, Y) = @ + /Y.
In this case, Pareto optimality requires that the level of
public good be such that

y = 0.25(% a)?.
(]

Correspondingly, for each 1,
o; Oy
2Y  Tioy

’Uzy(y) —



Volumtary Contributions

Suppose the government asks for voluntary contributions.
Every dollar contributed is spent on producing the public
good.

Consumer © will now take into account what is already con-
tributed by the others and make a contribution to maximize
his utility given the contribution of the others.

Suppose m = 2 and a1 = as = 2.

Suppose 1 contributes 0, what will 2 contribute?



Consumer 2 looks at an opportunity line that has slope -1
and starts from ws. He maximizes utility by choosing y =1
and contributing one dollar.

Given this contribution from 2, is 1 doing the optimal thing
by contributing 07

Consumer 1 can consume 1 unit of y simply because y is
a public good and consumer 2 has paid for one unit of
it. Thus consumer 1 can consume (wi,1). To consume
more of the public good, he must contribute an equiva-
lent amount of the private good. Thus his opportunity line
consists of the point (wy,1) and has slope -1 for higher con-
sumption levels of y. And it is optimal for 1 to contribute
0.



Thus the contributions O and 1 constitute an equilibrium.

There are other equilibria but they all yield an aggregate
contribution of one unit.

Thus, with voluntary contributions the level of y is 1.

But the Pareto optimal level is 4.

With voluntary contributions too little of the public good
IS produced. This is known as the free rider problem.

T he inefficiency of the voluntary contributions equilibrium
can be explained as follows.



Any 1 who makes a contribution in equilibrium will ensure
that his marginal rate of substitution equals 1. But this will
mean that the sum of the marginal rates of substitution
exceeds 1. To restore this equality will require increasing
y. Thus the equilibrium level of y is sub-optimal.



Can a Pareto optimal allocation can be sustained in a de-
centralized manner?

In particular, through a mechanism in which consumers
behave Iin the conventional way — maximizing utility in a
market?

If (x;,y) is to be consumer ¢’'s utility maximizing choice
given a budget line, what must be the slope of the budget
line?

24 Oy

It must have slope = ™.
1

If we normalize the price of the private good to be 1, this

means that : must view Z‘_’g, the price of the public good:

personalized/Lindahl pricé .




Theorem (Foley). Suppose ((Zr;),Zg,y) is a Pareto opti-
mal allocation. If preferences are convex, reflexive, tran-
sitive and monotonic then there exists a price vector p =
(PrsPg,15--+-Pg,m) € lekm, (where p,; € Rl,pg’z- € Rk for all
1) such that

(a) for all 2, if x; =, (a_jw,iaa_jg)' then (pﬂ'apg,i) - x; > (Pr, pg,i) :

(jﬂ',i’ig)'
(b) (pr, 121 Pgs)) U > (Pry (5121 Pg,)) -y TOr all y €Y.

Additional assumptions are needed to strengthen expendi-
ture minimization to utility maximization in (a).



The second welfare theorem states, roughly speaking, that
Pareto optimality requires that the sum of the marginal
rates of substitution for a public good be equated to its
marginal cost.



Consider a private ownership economy.

Consumers have private endowments w; and shares in the
firm 0;.

€ ={(X; =4 wi 0;), Y}

Suppose there is a system of personalized market prices
D = (pﬂ'? Pg,15- - - 9pg,m)-

T he interpretation is that all consumers face the same vec-
tor of private goods prices, pr but consumer i faces Pg.i as
the vector of public goods prices. The firm faces a price

vector (pr,%;Pg.i)-



Denote the complete price vector facing consumer 2 as
P; = (PrsPg,i)-

Consumer 7’s income can be defined as

w;(PisY) = Pr * Wri + 0;(Pry X Pgi) * Y-
1

And the corresponding budget constraint is:

vi(Piry) = {z; € X; | pi - 5 < wi(pi,y)}-

An equilibrium notion with such a price system was first
proposed by Lindahl.



A Lindahl equilibrium is defined a vector of consumption
plans (zr,xq), a production plan y and a vector of prices

P = (Pr,Pg,15-+-sPg,m) € lekm such that p # 0 and

(i) for all i, x; € v;(p;;y) and there does not exist z; €
vi;(p;,y) such that z! =; z;,

(i) (Pr,TiPg,i) Y > (PrrTibgs) -y forally’ €Y,

(ii1) = Tri = Yr +2;wr 4, anNd g = yg.



It can be shown that a Lindahl allocation is weakly Pareto
optimal. Moreover, iIf Y is a convex cone, then a Lindahl
allocation is in the core.

An allocation (xx,xg),y) is in the a-core if there does not
exist a coalition S and an S-feasible allocation such that
all members of the coalition are better-off with this new
allocation assuming that the players outside S produce
no public good, i.e., if there does not a coalition S and
((z7 i)ies» g, y') such that

ui(w;’i,az’g) > u;(Ty 4, xg) fOr all ¢ € S, y €Y

and

DR A < ¥ w; + ’
(iES e g)_iES iy



Theorem. If ((zr,xq),y,p) is a Lindahl equilibrium, then
((xr,xqg),y) belongs to the a-core.

Proof. Suppose not. Then there exists an objection from
coalition S with ((z7 ;)ics: Ty Y')-

By (i) in the definition of a Lindahl equilibrium,

e X Ep i+ Y Pyt > Prt ¥ writ Y6 > Pgi) Y-
D~ &S ) iESpg’z g Dr iES T,2 iES z(pﬂ‘aieNpg,z) Yy
Since p,; > 0 for all © and (pr,>;cN Pg,i) - ¥y = 0, this means
that

C Y x4 X pgit T > Ppre X wry
brt estmi T ey Pei Py 7 P oy i
or,

(prs X Pgs) -y >0 — a contradiction
ieEN 7’



Theorem (Foley). Suppose ((Zr;),Zg,¥y) is a Pareto opti-
mal allocation. If preferences are convex, reflexive, tran-
sitive and monotonic then there exists a price vector p =
(PrsPg,1s---Pgm) € Rl_ﬂ'km, (where p,; € Rl,pg’i € R* for all
¢) such that

(a) for all 2, if x; =; (:Eﬂ',ioa_jg)' then (pﬂ‘apg,i) - x; 2> (P pg,z') :

(5371',2'7 i’g)'

(b) (Pr; (5321 Pg,i)) * U = (Pmy (521 Pgs)) -y forall y €Y.



Proof: Let R; = {z; € X; | =; =; (Tri,%g)} for all ¢ and let

R = {(zx, (Tg,15.++5%g,m)) € Ritkm | 3z, 4, S Tr; = Tx and
(mﬁ,i,wg’i) c R; for all ’L}

Since R; is convex for all 2, it can be shown that so is R.

Let

Y = {(Yms Yg,15- - - »Yg;m) € RTF™ |y, s = yg for all s and y € Y}.

Notice that Y C R!T*™ and is convex.

Let W=R—-Y — (wr,0,...,0). We shall first show that

0 € Bdry(W).



Suppose not. Then there exists z <€ 0 and z € W. This
means that there exist (z,;,z;;) € R; and y € Y such that

2= (XTxi (Tg,i)) — (YnsYgs - -+ 5Yg) — (Wr,0,...,0).
(/

Y — < 7 . — . .

X Tri = Yr + Wr
i

and

A

Zg; = yg for all a.

From the last set of equations we can write z,; = Z4.
Certainly, ((£r;),2g,y) IS an allocation. Since z < 0, by
monotonicity and transitivity, this implies that each 2 prefers
this allocation to the given allocation ((Zr;),Zg,%), Which

contradicts the Pareto optimality of the latter.



Since W is convex and 0 € Bdry(W), we can appeal to the
separating hyperplane theorem to assert that there exists
p € R"k™ such that p £ 0 and

p-w >0 for all we W (1).

To prove (a), consider x; =; (T, ;,Zg) and define

wz = (mﬂ',?,—l_ Z 3_371-,]6, a_jg, e o a:g’i, oo o a_jg)—(gﬂ-, gg, oo o gg)_(w»ﬂ, O, o« oo

k1
Clearly, w; € W and we can apply (1) to obtain,

Pr - (kZ Trk T Tri— Ym — wrr)
1

+ kz;;ﬁz Pg.k * Tg + Pg,i* Lg,s — (%: pg,i) * Yg > 0. (2)



Since ((Zr;),Tg,y) is an allocation we know that

Dr (kz;;éz C1_371',16 — Y — ‘*‘-’71') — —Pm - :Eﬂ',’l:
and
S Dok Tg — (SPg,) - Tg = —Pg,i * Tg-
k+#1 1

Substituting this in (2) we obtain (a).

To establish (b) we pick any y € Y and consider
w = (Ziﬂ-’i,ig,ooo,ig) _y — (wTr,O,...,O).
1

Clearly w € W and by the same argument as above we can
obtain (b). It is easy, given monotonicity, to show that
p = 0.



